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^A ' Abstract. Let G be a finite simple group of Lie type. In this paper we study 

characters of G that vanish at the non-semisimple elements and whose degree is 

QiQ , equal to the order of a maximal unipotent subgroup of G. Such characters can 

be viewed as a natural generalization of the Steinberg character. For groups 
G of small rank we also determine the characters of this degree vanishing only 
at the non-identity unipotent elements. 
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1. Introduction 



Let G be a finite simple group of Lie type in denning characteristic p, and let 

\G\ P denote the order of a Sylow p-subgroup of G. There is a unique irreducible 

representation of G of dimension \G\ P over the complex numbers, and this is called 

the Steinberg representation. We denote here by St the character of the Steinberg 

^q , representation. The Steinberg character plays a prominent role in the character 

theory of groups of Lie type, so this encourages one to look for generalizations of 
such character. In particular, in this paper we consider p-vanishing characters of 
degree \G\ P . 

Let H be any finite group and p a prime. Element x € H of order divisible by p 
are called p-singular. Characters (in general reducible) that vanish at the p-singular 
elements of H are called p-vanishing characters in this paper. The characters of 
projective modules over a field of characteristic p are p-vanishing. We think that p- 
vanishing characters are of significant interest due to the connection with projective 
modules. In the case where H is p-solvable, the well known result of Fong (1962) 
tells us that every p-vanishing character is the character of a projective module [6j 
32.17]. In general, this is not true. To the best of our knowledge, no publications 
on p-vanishing characters appears since 1962. 

As St is the character of a projective module, one may think of the characters of 
projective modules of dimension \G\ P as natural analogs of the Steinberg character. 
Malle and Weigel [20, determined the projective modules of degree \G\ P whose 
character has the trivial character 1q as a constituent. If G is a group of Lie type 
in characteristic p, the second named author showed in [28] that the restriction on 
1g can be dropped. In other words, the Steinberg character and the characters 
obtained in [20] are the only characters of projective modules of G of degree \G\ p . 
(Note that for other primes dividing \G\ and for other groups the problem remains 
open.) In both the papers [20] and |28j the argument relies on the p- modular 
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representation theory. Our results on p- vanishing characters of degree \G\ P are 
stronger, and make no use of the theory of modular representations. Our main 
result is the following theorem: 

Theorem 1.1. Let G be a simple group of Lie type in defining characteristic p. If 
G £ {A n (q), n > 4, 2 A n {q), n > 2, B n {q), q odd, n > 5, C n (q), n > 2, D+(q), 
n>5, D-(q), n>3, 3 D 4 (q), E 6 (q), 2 E 6 (q), E 7 {q), E s (q), F^q), 2 F i (q 2 ), G 2 (q)} 
then the Steinberg character is the only p-vanishing character of degree \G\ P (in 
particular every projective module of this dimension is the Steinberg module). 

Naturally, one wishes to know whether the converse is true. Unfortunately, we 
have not been able to manage with the groups B 3 (q), B±{q), B 5 (q), D 4 (q) and 
Ds(q) for arbitrary q. For all other groups we have the full answer: 

Theorem 1.2. Let G be a simple group of Lie type in defining characteristic p. 

(1) Groups Ai(q), A2(q), 2 B2(q 2 ), 2 G2(q 2 ) have reducible p-vanishing charac- 
ters of degree \G\ P , where q is any p- power in the former two cases, whereas 
in the latter two cases q 2 is an odd p-power for p — 2,3, respectively). 

(2) Groups 2 A 2 (g), A 3 (q), A^(q) have reducible p-vanishing characters of degree 
\G\ p if and only if q + 1 is divisible by 3. 

(3) Groups 62(9) = -62(9) have reducible p-vanishing characters of degree \G\ p 
if and only if q + 1 is divisible by 7. 

In fact, we give an explicit decomposition of every p-vanishing character as a 
sum of irreducible ones, and this is used in the proof of Theorem ll.il For instance, 
in order to prove that PSL(6,q) belongs to the list of Theorem 1 1.11 we need to 
know all irreducible constituents of the p-vanishing characters of degree q 10 for the 
group PSL(5,q). 

As long as we have obtained the decompositions of p-vanishing characters in 
items (1), (2), (3) of Theorem 11.21 in terms of irreducible ones, it is not hard to 
compute the values of every p-vanishing character and compare it with those of 
the Steinberg character. (Full information is tabulated at the end of the paper.) 
We find out that every such character has real values and does not vanish at the 
semisimple elements. An essential feature of our results is that they are uniform 
with respect of q. 

One of possible applications of our results to projective modules and the struc- 
ture of the decomposition matrices can be outlined as follows. Let "J/, $ be the 
characters of projective modules; we write $ > d? if \& — $ is a proper character. 
Looking at known decomposition matrices one observes a lot of examples of projec- 
tive indecomposable modules whose characters 'J, $ satisfy W > $. However, their 
dimensions cannot differ by \G\ P for most groups: 

Corollary 1.3. Let G be a group as in Theorem 1 1.1 1 Let \& > <I> be the characters 
of two projective modules of G. Then either \I/ — $ = St or ^(1) — $(1) > 2|G| p . 

If fy, $ are the characters of indecomposable projective modules, then $> > $ 
means that, for every row of the decomposition matrix, the $-entry is not greater 
than the \I/-entry. The above corollary implies ^(1) — $(1) > 2|G| P (as the first 
option of the corollary cannot occur) . 

There are publications concerning generalization of the notion of the Steinberg 
character in directions other than the one exploited in this paper. Recall that 
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St(g) = if g is not semisimple, otherwise St(g) — ±.\Cc{g)\p- In [11] Walter Feit 
stated the following question (1993): 

Let G be a finite simple group and p a prime divisor of \G\. Does there exist 
any irreducible character of G vanishing at the p-singular elements, other than the 
Steinberg character for G of Lie type in defining characteristic pi 

He conjectured that the Steinberg character is the only one with the above 
property. The conjecture was later proved to be true by Tiep 26J (by Darafsheh 
[5] in a special case). Further progress along this line was marked by completing 
the classification of prime power degree irreducible representations of quasisimplc 

groups m mm. 



Our proofs of Theorems 11.11 and 11.21 is based on the contemporary theory of 
characters of groups of Lie type. Particularly important role is played by the 
Gelfand-Graev characters and Harish- Chandra theory, together with regular and 
cuspidal characters. One of the main tools in our analysis is the Harish-Chandra 
restriction/induction technique. One observes that if y is a p-vanishing character 
then so is the Harish-Chandra restriction Xl °f X to every Levi subgroup L of G 
(see [201 EH] or Lemma [231 below). Moreover, x(l)/|G| p = x L (l)/\L\ p . Let L u be 
the subgroup of L generated by the unipotent elements of L. Then, the restriction 
X of Xl to L u is a p-vanishing character of L u of the same degree. Therefore, 
through induction assumption we get information on properties of x for all Levi 
subgroups L of G. 

Another tool used heavily in the proof of Theorem ll.2l is induction on the BN-pair 
rank of G. So we first prove the theorem for groups of BN-pair rank 1, see Section 
[SJ Surprisingly, only the case with G = SL(2, q) is straightforward. The other 
groups 2 B 2 {q 2 ), 2 G2(q 2 ) and SU(3, q) require considerable computational work. As 
the character tables of these groups are available, we would be able to perform 
required computations manually. However, it is much more efficient to attract the 
computer program package CHEVIE, created by a research group at University of 
Aachen. 

One could expect that these groups constitute the base of induction for our proof. 
However, this is not the case as the situation is more complex. Most groups of rank 
2, especially, Sp(4, q), 3 Z?4(g) and 2 Fi{q 2 ) require quite a lot of computational work. 
Probably, performing this work manually is not realistic, but with use of CHEVIE 
we complete the analysis of groups of rank 2 (see Section [7]) . 

Our results on groups of rank 2 are sufficient to run induction for unitary groups 
and D~(q). However, for the series SL(n,q) we cannot run induction from n < 6, 
and for the series Sp(2n,q), the induction starts from n = 3. Groups B 3 (q) and 
D^(q) should also be handled by computations. However, the CHEVIE package does 
not contain enough data to deal with these groups. We are still unable to complete 
the work for groups B n (q), n = 3, 4, 5, and -D+(g), n = 4, 5. If n > 5, as well as for 
the groups E 6 (q), E 7 (q), E s (q), we do have the result stated in Theorem 1 1.2 1 due to 
the fact that we can use the result for SL{n, q) for induction purpose. 

Recall that CHEVIE consists of a library of data and programs to deal with the 
generic character table of certain finite groups G of Lie type of small rank. If G is 
a such group, defined over the field F qi the generic character table of G depends 
on this parameter q. So, all the information stored in CHEVIE is expressed in the 
form of functions of q: for instance, the degrees and the number of the irreducible 
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characters as well as the number and the representatives of the conjugacy classes 
of G. See Section [5] for more details. 

The CHEVIE package is better adapted to deal with groups with connected center 
such as GL(n,q) or CSp(2n,q), the conformal symplectic group. In particular, we 
elaborate in details the cases GL(Q,q) and CSp(6,q). We expect that every p- 
vanishing character of a simple group G of Lie type in defining characteristic p is 
the restriction to G of a p- vanishing character of a suitable group with connected 
center. Unfortunately, we have not been able to prove this. Instead, we have a 
weaker result stating that every p-vanishing character of G is the restriction to G 
of a Sylp- vanishing character of a group H with connected center f Proposition ^. 2[ ). 
A SyZp-vanishing character of a finite group G means a character vanishing at all 
non-identity elements of a Sylow p-subgroup of G. This forces us to pay significant 
attention to determining Syl p -vamshiiig characters of degree \G\ P for groups G of 
small rank. In fact, we determine all Syl p -veaiishhig characters of degree \H \ p for 
quasi-simple groups H of BN-pair rank 1 and 2 and the groups H = CSp(6, q), q 
odd, GL(n,q), n = 4,5,6, U(n,q), n — 3,4,5, and use certain elements of H to 
rule out the characters that are not p-vanishing. This gives us the list of the p- 
vanishing characters of degree \H \ p for H. Our results on .Sy/p-vanishing characters 
are auxiliary for the purpose of this paper, however, we expect that they will play 
some role in general theory. 

The next problem is to perform the inductive step, and to convert information 
on x to a certain conclusion on x- Our tools include general machinery of Harish- 
Chandra induction as exposed in [7J, in particular, the Benson-Curtis theorem, 
together with some basic theory of general Gelfand-Graev characters developed by 
Kotlar [IT]- We define a (general) Gelfand-Graev character to be v G , where v is a 
linear character of a Sylow p-subgroup of G for p being the defining characteristic 
of G. (The traditional definition of a Gelfand-Graev character (see 14.29] or 
[21 p. 254]) requires a certain non-degeneracy condition which is dropped in our 
definition. Gelfand-Graev characters satisfying the non-degeneracy condition are 
called here non-degenerate as in [TTJ.) Then we have (x, v G ) — x(l)/|G| p for every 
p- vanishing character x (Lemma 12.41) . This allows us to take some control of the 
irreducible constituents of x that are common with v for some v. 

Unfortunately, for groups other than SL(n,q) there are irreducible characters 
that do not belong to any v G . We did not find any way to control such con- 
stituents of x, and this is a source of certain difficulties. Strictly speaking, our 
non-computational results only concern with the "Gelfand-Graev part" 7(x) of X-, 
where 7(x) is the sum of all irreducible constituents of x that occur in v for some 
v. 

The formula (Xj^ G ) — x(l)/|G| p allows us to bound the multiplicities of the 
constituents common for x an d v G but does not help in identifying them. In 
particular, if G is with connected center of BN-pair rank 2, and if x is p-vanishing 
character of degree \G\ P then the number of the constituents of x in question is at 
most 4, however, even in these cases we cannot avoid computations with explicit 
character tables. For projective module characters of degree \G\ P this has been 
done manually, see [20 and (28) . For some groups this can be done manually in 
our situation too, however, some groups of rank 2 such as 2 F4(q 2 ), seem to require 
unbearable volume of manual work. By using the CHEVIE package of computer 
programs for Chevalley groups together with their character tables available for 
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groups of small rank, we manage to obtain a full list of p- vanishing characters of 
degree \G\ P . 

The induction step would almost be trivial if some Levi subgroup of G has no 
p-vanishing character of degree \G\ p . In fact, this never happens, as the defect 
zero irreducible characters of L (in particular, the Steinberg one) are p-vanishing 
of degree \L\ p . However, in some cases of interest for every maximal Levi subgroup 
L every p- vanishing character of degree \G\ P is of defect 0. This leads to the 
natural question on whether it is true that a p-vanishing character is irreducible 
if the Harish-Chandra restriction of it to every Levi subgroup is a sum of defect 
irreducible characters. In the case of projective indecomposable modules the 
Brauer-Nesbitt correspondence reduces this to a similar question for irreducible 
modules, which are easy to handle. But in our case no analog of the Brauer-Nesbitt 
correspondence is available. This explains why one cannot mimic any machinery 
from the theory of projective modules to deal with p-vanishing characters. 

Now we continue our discussion of groups of small rank. As mentioned above, 
the task is to determine all SyZp-vanishing characters of degree \G\ p . Technical 
difficulties are forced us to look for tools for simplifying computational work. We 
have found an advantage to determine first the characters x of G such that x\u 
is the regular character of U, where U is a Sylow p-subgroup of G. For groups 
of small rank the number of such characters is not large, so it is not difficult to 
check which of them are p- vanishing. The matter is that the CHEVIE format of 
the character table is better adapted to deal with Syl p -vamshiiig characters, as 
CHEVIE organizes them in sets such that all characters in the same set have the 
same restriction to U. In this way we found another helpful phenomenon of certain 
general interest. Specifically, we discover a considerable amount of formulas of 
type Xi\u = X2\u + X3\u, where Xi (i — 1)2,3) are irreducible characters of G. 
Therefore, if xi occurs in a decomposition of some Sy/p-vanishing character in 
terms of irreducible characters, then the substitution X2 + X3 f° r Xi yields another 
decomposition, in which the degrees of X2, X3 are l ess than that of xi- We did 
not try in this paper to obtain all formulas of this kind, but those we have got 
are collected in the tables at the end of the paper. Partially, we expose them as 
tools helping the reader to control our computations. Another purpose is to provide 
experimental material for theoretical analysis. 

Note that some formulas provided in the tables involve more than three terms 
(see for instance Table ITTT3T B for G = 2 B2(q 2 )), but they may be of interest also 
from this point of view. 



Notation. C is the complex number field, Z is the ring of integers and F q is the 
finite field of q elements. For a positive integer m we define Z m = Z/mZ. We often 
view Z m as the set of integers {1, . . . , m}. 

For a finite group G we denote by G", Z{G) and \G\ the derived subgroup, the 
center and the order of G, respectively. If p is a prime then |G| P is the p-part 
of \G\ and also the order of every Sylow p-subgroup of G. A p'-group means a 
finite group with no element of order p. If g S G then \g\ is the order of g. All 
representations and modules are over C (unless otherwise stated). Therefore, we 
take liberty to use the term 'G- module'. All modules are assumed to be finitely 
generated. The regular representation of G is denoted by p T Q S and the trivial one- 
dimensional representation is denoted by 1g- We also use 1q to denote the trivial 
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one-dimensional module and its character. The inner product of class functions 
77,77' is denoted by (77,77'). 

The set of irreducible characters of G is denoted by Irr G, and any integral linear 
combination of elements of Irr G is called a generalized character of G. 

Let H be a subgroup of G and N a normal subgroup of H. Let M be an H- 
module over a field. Then Cm (N) is an H- module, and when it is viewed as H/N- 
module, it is denoted by M h/n (or M), and called the Harish-Chandra restriction of 
M to H/N . Conversely, given an iJ/7V-module D, one can view it as an if-module 
with trivial action of N. Then the induced G-module D (when D is viewed as 
an H-module) is denoted by D# G and called Harish-Chandra induced from D. 
For details see p. 667, §70A], where these operations are called generalized 
restriction and induction. They correspond to similar operations on characters 
(or Brauer characters). The Harish-Chandra restriction and induction extend by 
linearity to class functions on G with values in C. So if x is a class function on 
G then Xh/n is the corresponding Harish-Chandra restriction of x to H/N, and if 
A is a class function on H/N then A# denotes the Harish-Chandra induced class 
function on G. Let 77 be a class function on G. The formula (A# G ,77) = (X,Xh/n) 
is an easy consequence of the Frobenius reciprocity and called the Harish-Chandra 
reciprocity. (This is the formula 70.1(iii) in [7J p. 668].) Given a class function 
/ on G define a function on H by h — > j^-r J2ugn f(^ in ) C 1 *= ^0- This function 
is constant on the cosets hN and therefore defines a function on H/N called the 
truncation of f to H/N with respect to N (see 70.4] or pp. 262 - 283]). 
Sometimes we also call the truncation the function h — > -r^r J2 n eN /(^ n ) on H 
(which hopefully does not lead to a confusion). Note that the truncation and the 
Harish-Chandra restriction of a character coincide. 

Let H be a reductive algebraic group in defining characteristic p > 0. An 
algebraic group endomorphism Fr : H > H is called Frobenius if the the subgroup 
H = {h G H : Fr(h) = h} is finite. This subgroup is called a finite reductive 
group, and p is referred as the defining characteristic of H Fr too. Every finite 
reductive group is a group with BN-pair, and our use of terms 'Borel, parabolic 
and Levi subgroup, Weyl group' is as in the theory of groups with BN-pair pj §65]. 
More detailed notation will be introduced later. 

If H is a simple algebraic group of universal type then we refer to H Fr as a 
Chevalley group. (Some authors additionally assume that Fr acts trivially on the 
Weyl group of H, but we prefer to refer to such groups as non-twisted Chevalley 
groups.) 

Let H = H Fr be a finite reductive group. We use some results on the Curtis 
duality (called also the Curtis- Alvis duality) for the class functions on H, see 
§71 A]. If is a class function on H, we denote by D(4>) the Curtis dual of <f>. If 
D(4>) = ±0 then we call <j> Curtis self-dual. 

Our notation for simple groups of Lie type are as in [3], however, for classical 
groups we also use the traditional notation such as PSU(n, q) for the unitary group. 
Similarly, for quasi-simple groups and classical groups with connected center. For 
instance, CSp(2n, q) denotes the conformal symplectic group. 



2. p-VANISHING CHARACTERS AND THE HARISH-CHANDRA RESTRICTION 

We start with few observations valid for every finite group. 
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2.1. p- vanishing and SyZp-vanishing characters. Let cf> be a class function on 
a finite group G, and let p a prime dividing |G|. We say that <f> is p- vanishing 
if 0(g) = whenever p divides \g\ (g € G). This also applies to characters and 
to generalized characters. For instance, the character of the regular module is p- 
vanishing for every prime p. The characters of projective G-modules over a field of 
characteristic p are p- vanishing. It is well known that every p- vanishing function is 
a linear combination of the characters of projective indecomposable modules, and 
every p-vanishing generalized character is an integer linear combination of them, 
see Q3H Ch. IV, Corollary 3.13] or [6, Theorem 18.26]. 

Furthermore, we say that <fi is Syl p - vanishing if (f>(g) = whenever g ^ 1 be- 
longs to a Sylow p-subgroup of G. Obviously, p-vanishing class functions are Syl p - 
vanishing, but the converse is not always true. However, for irreducible characters, 
the converse is true (well known). (If G — PSL(3,q), q = p k , then there are 
Sylp-vsunishmg reducible characters of degree \G\ P that are not p-vanishing.) 

If x i s a SyZp-vanishing proper or generalized character of G then x(l) i s a 
multiple of |G| P , and we set c x = x(l)/|G| p . This notation allows us to express 
certain information in a more compact form. 

A proper character \ is .SyZp-vanishing if and only if the restriction of x to a 
Sylow p-subgroup U of G is the character of a free [/-module. 

A proper p-vanishing (resp. SyZp-vanishing) character x is called minimal if 
whenever x — Xi + Xii where xi> Xi are proper characters of G, then neither xi 
nor xi i s p-vanishing (respectively, Syl p - vanishing). 

Obviously, irreducible p-vanishing and SyZp-vanishing characters are minimal 
and have defect 0. The converse is not true, for instance, every group SL(2,q), 
q = p k , has a reducible p-vanishing character of degree q. Thus, minimal p-vanishing 
characters are analogous to irreducible characters of defect 0. 

Other examples of minimal p-vanishing and Syl p - vanishing characters x are those 
with c x = 1. Note that c x = 1 means that x\u = Pjj 9 i where U is a Sylow 
p-subgroup of G. 

Lemma 2.1. Let G be a finite group and let x be a minimal p-vanishing character 
ofG. Then all irreducible constituents of x are in the same block. 

Proof. This follows from ,10, Ch.IV, Lemma 3.14]. □ 

Lemma l!01 allows one to assign a p-block to every minimal p-vanishing character. 
Note that the lemma is not true for SyZp-vanishing characters, even for SL(2,q). 

Corollary 2.2. Let G be a perfect finite group, and let x be a minimal p-vanishing 
character of G. Let z G Z(G). Suppose that (x(l)> \ z \) = 1- Then z belongs to the 
kernel of x- 

Proof. Let be a representation of G with character x- It follows from Lemma 
ED that 4>(z) = C(^) ■ W for some C e IrrZ(G). Then 1 = det <p(z) = ((z) n , where 
n = x(l)- This implies £(z) = 1. □ 

Lemma 2.3. Let G be a finite group with normal subgroup N , and let M be a free 
G-module of rank r. Then Cm(N) is a free G/N -module of rank r. 

Consequently, if x is a Syl p -vanishing character then Xg/n * s Syl p -vanishing 
and c v = Ct7^,,„. 

A XG/N 
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Proof. The first claim is obvious for r = 1, and easily implies the statement. To 
get the second claim, apply the first one to a Sylow p-subgroup U of G in place of 
G and to N n U in place of N. □ 

Lemma 2.4. Let G be a finite group and U a Sylow p-subgroup of G. Let n be a 

Sylp-vanishing class function on G. Let t be an irreducible character of U . Then 
(n, t g ) = 77(1)t(1)/|[/|, and hence c v ■ r(l) = (n, r G ). 

Proof. We have {n,r G ) = (t]\u,t) = t}(1)t(1)/\U\. □ 

2.2. The Harish-Chandra restriction. Our standard assumption here is that 
G is a finite group, U a Sylow p-subgroup of G, P C G is a subgroup containing 
17 and L = P/O p (P). (Later on, we specify G to be a finite Chevalley group, P a 
parabolic subgroup of G and L a Levi subgroup of P.) Recall that for a character 
(or a class function) x of G we denote by Xl the truncation of \ to L. 

The following easy lemma is used in many situations. 

Lemma 2.5. Let G,P,L be as above. 

(1) Let x be a p-vanishing (resp., Syl p -vanishing) character of G. Then Xl 
is a p-vanishing (resp., Sylp-vanishing) character of L and c x — 0% . (In 
particular, \ L ^ 0.) 

(2) Let 7] be an irreducible constituent of\ L . Then (xliV) = (XiV^ ) > 0- 

Proof. (1) The statement on Sy^-vanishing characters and the equality follows from 
Lemma T2.3I applied to P. Assume that x is p-vanishing. Let M be a CP-module 
with character x, and let R be the fixed point subspace of U on M. Note that r € R 
if and only if r = t^t J^ueu um ^ or some m £ M. Let g € P, it e [7 '. Suppose that 
the projection of <?, and hence of <?u, into L is not a p'-element. (Note that the 
projections of gu and g into L coincide.) It follows that Xl(9) = Wn ^ueu x(.9 u ) = 
by assumption, whence the first claim. 

(2) follows from Harish-Chandra reciprocity. □ 

Lemma 2.6. Let G be a finite group and U a Sylow p-subgroup of G. Let x be a 

Sylp-vanishing character ofG. The following are equivalent: 

(a) x(l) = \G\ P = \U\; 

(b) Xn g (u)/u(1) — 1- fa other words, the truncation of x over U is a linear 
character of N G {U)/U. 

3. Gelfand-Graev characters 

In this section H is a finite reductive group in defining characteristic p, and U a 
Sylow p-subgroup of H. 

Let A be a character of U with A(l) = 1. Then we call X H a (general) Gelfand- 
Graev character of H. The original Gelfand-Graev characters are called non- 
degenerate in 17], and we use this term to specify the original Gelfand-Graev 
characters within the set of (general) Gelfand-Graev characters. (If H is not with 
connected center, there can be several non-degenerate Gelfand-Graev characters 
[5].) Gelfand-Graev characters play a significant role in this paper. The cause of 
this is partially explained by the following lemma which is in fact is a special case 
of Lemma [ 
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Lemma 3.1. Let \ be a Syl p -vanishing character of H of degree \H\ P . Then any 
Gelfand-Graev character has exactly one common irreducible constituent with x> 
and this occurs with multiplicity 1 in each of them. In particular, St is a constituent 
of every Gelfand-Graev character. 

Let x be a Syl p - vanishing character. Then we can write \ = l(x) + 7'(x); where 
"f(x) is the sum of all irreducible constituents of \ that occur in some Gelfand- 
Graev character, and "f'(x) is the sum of the remaining terms. Clearly, "f(x) is the 
sum of the irreducible constituents r of x such that t\tj contains a linear character 
oft/. 

Corollary 3.2. The number of irreducible constituents of 7(%) does not exceed the 
number of distinct Gelfand-Graev characters. 

Lemma 3.3. Let x be a Sylp-vanishing character of H of degree \H\ P . Then j(x) 
is multiplicity free. 

Proof. This follows from the equality x\u = Pit 9 > an d is also an immediate conse- 
quence of Lemma 13.11 □ 

Remark 3.4. The character 7' is not always multiplicity free. For instance, for 
H = PSU(3, 5), in notation of Atlas [4], the character xi + 2x2 + Xa + X5 + Xe is 
5- vanishing of degree \H\ 5 = 125. 

The Gelfand-Graev characters can be characterized as follows: 

Lemma 3.5 ( |17[ Lemma 2.3]). Suppose that H is with connected center, with no 
component of type B n (2),C n (2), F 4 {2), G 2 (2), G 2 (3), 2 B 2 (2), 2 F 4 (2), 2 G 2 (3). Let X 
be a linear character of U . Then X H = T* , where L is some Levi subgroup of H 
andTr, is the non- degenerate Gelfand-Graev character of L. Conversely, ifT^ is 
the non-degenerate Gelfand-Graev character of L, then T* = A for some linear 
character X of U . 

Remark. The exclusions in the above lemma correspond to the cases where U 7^ U\ 
in notation of JT7J p. 350]. The statement in [17] does not exclude the groups 
H with components of type 2 i?2(2), 2 i r 4(2), 2 G , 2(3), however, we think that this is 
required. 

Let y, £ Ivy H and let I be a Levi subgroup of H. Suppose that /j, is not a 
constituent of any Gelfand-Graev character of H. Then all irreducible constituents 
of ~p L belong to 7'(xl)- Indeed, suppose the contrary, and let A be an irreducible 
constituent of ~p L belonging to 7(xl)- This means that A is a constituent of T^ 
for some Levi subgroup K of L (and hence of H ) and a non-degenerate Gelfand- 
Graev character Tk of K. Note that (fi, A# ff ) = (~p L , A) > by Harish-Chandra 
reciprocity. Therefore, /i is a constituent of T^ by transitivity of Harish-Chandra 
induction. Hence, by Lemma I3~51 we get a contradiction. 

Note that a regular character a is cuspidal if and only if a is semisimple. Indeed, 
consider the Curtis dual D[a) of a. As a is regular, eD(a) is semisimple for some 
e = ±1 9, 14.39]. However, a is cuspidal if and only if D(a) — ±a [3 p. 690], so 
the claim follows. 



Lemma 3.6. Let H be as in Lemma 13.51 Then the number of distinct Gelfand- 
Graev characters equals the number of non-conjugate Levi subgroups of H . 
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Proof. By Lemma T3.51 every Gelfand-Graev character is of shape V* , where Tl 
is the non-degenerate Gelfand-Graev character of L. (Here L can coincide with H .) 
Since H is with connected center then so is L (see [3] 8.1.4]), and hence L has a 
unique non-degenerate Gelfand-Graev character. Clearly, if Levi subgroups L, M of 
H are conjugate then T* coincides with r^ . (Note that T* does not depend on 
the choice of the parabolic subgroup which defines L as a Levi subgroup [7J 70.10].) 
Suppose that L,M are not conjugate. It is known that each L,M has a cuspidal 
regular character tjl, t)m, say. (Indeed, if a maximal torus T* of H* contains an 
element s in general position then the regular character p s corresponding to s is 
cuspidal if and only if T* contained in no proper Levi subgroup of H* (see [3j 
9.3.2]). It is shown by Veldkamp [571 P- 391] that a so called Coxeter torus T* 
is not contained in any proper Levi subgroup of H* and contains an element in 
general position; it is also known that an element in general position is contained 
in a unique maximal torus 27, p. 390].) Then 77* , rft, are disjoint, and their 
irreducible constituents are contained in T* , T*j , respectively. So T* 7^ T* { , 
and the result follows. □ 

Remark. One observes that this result is not valid for H = 2 I?2(2), 2 G , 2(3), 2 i 7 4(2). 

The following result is contained in 17, Propositions 2.4, 2.5, Corollary 2.6]. 

Lemma 3.7. Let H be as in Lemma 13.51 and r £ Irr H. Then the following are 
equivalent: 

(1) t is a constituent of some Gelfand-Graev character of H; 

(2) t is a constituent of X& H , where A is a cuspidal regular character of a Levi 
subgroup of some parabolic subgroup of H . 



Observe that the character A in Lemma 13.71 is both regular and semisimple 
because every cuspidal regular character is semisimple (see comments prior Lemma 



Distinct Gelfand-Graev characters have common irreducible constituents. Re- 
call that a Harish- Chandra series of H is the set of irreducible constituents of a 
Harish- Chandra induced character A# H , where I is a Levi subgroup of a para- 
bolic subgroup P of H (possibly P = H) and A is a cuspidal character of L. Two 
Harish- Chandra series either coincide or are disjoint, see [3 70.15A]. Therefore, if 
A is cuspidal then the irreducible constituents of \# H do not occur in the other 
Gelfand-Graev characters. 

In addition, if a is a regular cuspidal character of L then the irreducible con- 
stituents of a# H are in bijection with Irr W a , where W a is a certain subgroup of 
W generated by reflections. More precisely, W acts on the roots of the corre- 
sponding algebraic group, and L is defined by a subset J of simple roots. Then 
W = {w £ W : w{J) = J and w(cr) = a}. 

Proposition 3.8. Assume H to be with connected center and has no component 
oftypeB n (2), C n {2), 2 B 2 (2), F 4 (2), 2 F 4 (2), G 2 (2), G 2 (3) a ^ 2 G 2 (3). Let x be a 
Sylp-vanishing character of H of degree \H\ p . 

(1) For every irreducible constituent of V of"/(\) there are unique Levi subgroup 
L of H and unique cuspidal regular character p of L such that (r,p^ H ) > 0. 
Moreover, (r,p# H ) = 1. 
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(2) Let l{x) be the number of non- conjugate Levi subgroups of H such that Xl 
contains a cuspidal regular character of L. Then the number of irreducible 
constituents ofj(x) equals l{x)- 

Proof. Let {y\, . . . , Vk} be a maximal set of linear characters of U such that iq~ ^ 
Vj 1 for i ^ j. By Lemma 13.51 vf 1 = F* for some Levi subgroup L, and by 
Lemma l3.6[ the set {yi, . . . , Vk} is in bijection with the set of non-conjugate Levi 
subgroups. Let Li correspond to Mj for i = 1, . . . , fc. As (x, vf) — 1 (Lemma 13. II) . 
we may denote by Xi the constituent of x common with v? . (So Xi is a constituent 
of 7(x)-) The mapping i — ¥ Xi is surjective, but not injective in general. 

To see when Xi — Xj> nx some j. Then Xj is a constituent of T*. , so there is a 
regular character pj of Lj such that (x, pf ) = 1- Moreover, pj is unique. Indeed, 
as Xl 3 ( 1 ) = \ l j\p and Xlj is Syl p - vanishing, we have (x Lj) T Li ) = 1, where F L . is 
a non-degenerate Gelfand-Graev character of Lj. As Lj is with connected center 
too [3j 8.1.4], r^ is unique, and hence pj is unique. 

Suppose that pj is not cuspidal. Then pj is a constituent of A* \ where Li is 
some Levi contained in Lj (up to conjugation) and Xi is a cuspidal regular character 
of Li (Lemma 13. 7p . Therefore, Xj is a constituent of vf too, and hence we have 
Xi = Xj (as (Xi^f 1 ) — !)■ Thus we need not count z/j such that Xl contains no 
cuspidal regular character of Lj, and the claim follows. □ 

Lemma 3.9. Let H be as in Provosition \'6.8\ and x & Syl p -vanishing character of 
H. Suppose that 7'(xl) — for every proper Levi subgroup L of H . Then every 
irreducible constituent ofY(x) * s a cuspidal character. 

Proof. Suppose the contrary. Let a be an irreducible constituent of 7'(x), which 
is not cuspidal. Then there exists a Levi subgroup L and a cuspidal character 
p G IrrL such that (cr,p# H ) > 0. Therefore, (o\j,,/f) = (a,p# H ) > 0. So p, is 
an irreducible constituent of ul, and hence of Xl- By assumption, j'(xl) = 0- 
This means that p is a constituent of a Gelfand-Graev character of L. By Lemma 
13.71 p is a regular character of L (as p is cuspidal). (In fact, we use induction on 
the BN-pair rank of H .) Therefore, p is a constituent of L^, the non-degenerate 
Gelfand-Graev character of L. By Lemma T3.6J T* is a Gelfand-Graev character 
of H. As a is a constituent of p# H , it is also a constituent of Y* , that is, a is a 
summand of 7(x), which is a contradiction. □ 

Lemma 3.10. Let Li be a finite reductive group and let r, a be distinct irreducible 
constituents of~f(x) f 0T a Syl p -vanishing character x of degree \H\ p . Then t\u and 
o~\u have no common constituent of degree 1, in particular, t\u ^ &\u- 

Proof. Indeed, suppose the contrary. Then (j-\u,v) > and (o~\u,v) > for some 
linear character v of U. As x\u — Pu & \ w e have (x|tr,f) = 1, and the claim 
follows. □ 

Lemma 3.11. Let H — GL(n,q) or SL(n,q). Then every irreducible character of 
H is a constituent of a Gelfand-Graev character. 

Proof. For H = GL(n, q) the result is stated in the original paper by Gelfand and 
Graev [T3], and this implies the one for G = H' = SL(n,q). Indeed, let U be 
a Sylow p-subgroup of G. Let A G IrrC/ with A(l) = 1. By Mackey's lemma, 
(^ H )\g = J2 a (^ 9 ) G j where g are the representatives of the double cosets of G and 
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U in H. Since H = G ■ T, where T is a maximal torus of the Borel subgroup of H 
containing U [19j Lemma 24.12], we may choose g in T. Then U is g-stable, X 9 is 
a linear character of U and (A s ) is a Gelfand-Graev character of G. So the result 
follows from that for GL(n, q), as every irreducible character of G is a constituent 
of the restriction to G of an irreducible character of H . □ 

Corollary 3.12. Lei H = GL n (q) or SL n {q), and let x be a Syl p - vanishing char- 
acter of H of degree \H\ P . Then \ — j(x)> an d hence \ * s multiplicity free. 

Proof. This follows from Lemmas 13.111 and 13.31 □ 

4. Sy/p-DECOMPOSABLE IRREDUCIBLE CHARACTERS 

Let r be an irreducible character of a finite group G. Let U be a Sylow p- 
subgroup of G. We say that r is SyZp-decomposable if there are irreducible charac- 
ters xii ■ ■ • iXk 0I G (not necessarily distinct) such that t(u) — Xi{ u ) + ' ' ' + Xk(u) 
for every element u e U . (Equivalently, r — xi ~ ' ■ ■ — Xfc vanishes on [/.) We 
express this by writing r = xi + • • ■ + Xfe (mod [/), and call this expression a 5yl p - 
decomposition of r. Note that some characters of G can be Syl p - equivalent, that is, 
they take the same value at every u £ U. 

The problem of determining the Sy/p-vanishing characters of degree \U\ discussed 
above for finite reductive groups in defining characteristic p can be restated as that 
of finding all SyZp-decompositions of the Steinberg character of G. We find that the 
knowledge of 5yZ p -decompositions for characters r of degree less that \U\ is very 
helpful for determining the Syl p - vanishing characters. Indeed, if r is a constituent 
of a Syl p - vanishing character x then the substitution of ^2 Xi f° r T yields a new 
Syl p -va,mshing character, and the degree of new irreducible constituents are less 
than t(1). In addition to this, we have found out quite a lot of Sy/p-decomposable 
characters, including regular and semisimple, and this hints that the use of them 
can organise .SyZp-vanishing characters in a more conceptual way. 

In this section we collect some general facts on Sy/p-decompositions for finite 
reductive groups H. 

Recall that, if is a class function on H then D(<f>) denotes the Curtis dual of 
4>. If D(<f>) = ±0 then we call <j> Curtis self-dual. The following well known fact 
can be easily deduced from the definitions of the duality operation [7J 71.2] and the 
Steinberg character [JJ 71.18]. 

Lemma 4.1. Let cj> be a class function on H constant on U. Then D(<f>)(g) — 
St{g)(j)(g) for all g £ H. In particular, if <p(u) — for all u € U then D(<p)(u) = 
for all u G U . 

Lemma 4.2. Suppose H is with connected center. Let Xi,X2>X3 £ IrriJ. Suppose 
that xi = X2 + X3 (mod U) is a Syl p - decomposition of Xi- 

(1) At least one of the characters Xi> 1 < i < 3, is not regular. 

(2) At least one of the characters Xi> 1 < * < 3, is not semisimple. 

(3) If every Xi * s either regular or semisimple then at least one of them is 
regular and semisimple (and hence Curtis self-dual). 

(4) -D(xi) — D{x2) — D{xz) is a Syl p -vanishing generalized character of degree 
0. Let x'i — i-D(Xi) be a proper character, i = 1,2,3. Then reordering 
of the x'i yields a Syl p - decomposition (which may coincide with that in the 
assumption) . 
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Proof. Note that xi ~ X2 ~ X3 is a Sylp- vanishing generalized character of degree 0. 
By Lemma l4~l~1 so is D(xi — X2 — X3); which implies (4). Let T be the non-degenerate 
Gelfand-Graev character of H. 

(1) If all Xi are regular, then, taking the inner product of xi ~~ X2 — X3 with F, 
we get 1 — 1 — 1 = 0, which is absurd. 

(2) Suppose all of them are semisimple. As ±D(xi) is a regular character for 
i = 1, 2, 3, the inner product with Y yields again ±1 ± 1 ± 1 = 0, a contradiction. 

(3) Suppose that none of the Xi's is regular and semisimple simultaneously. If 
one of the characters is regular and the other two are not regular, the inner product 
with r yields a contradiction. So there are two regular characters among them, and 
they are not semisimple. Then -D(xi) — D(x%) ~ D(xa) is Syl p - vanishing, and two 
characters among D(xi), —D(x2), —D{x'i) are semisimple and not regular, and one 
is regular. Again, the inner product with Y yields a contradiction. □ 

Lemma 4.3. Suppose H is with connected center. Let x be a Syl p -vanishing char- 
acter of H of degree \H\ P , and let a be a regular character of H that occurs as a 
constituent ofj(x)- Let t — *Yli m i T i be a reducible character such that a — r is 
Syl p -vanishing of degree 0. 

(1) There is a unique i such that t% is regular; 

(2) Suppose H has no component of type B n (2), C n {2), 2 B 2 (2), F 4 (2), 2 F 4 (2), G 2 (2), 
G*2(3), 2 G2(3). If a is cuspidal then 7(1") = n, that is, Tj does not belong to 
any Gelfand-Graev character for j ^ i; in addition, if H = GL(n,q) then 

t is irreducible and hence Syl p -equivalent to er; 

(3) 7(7") is multiplicity free, that is, mi = 1 if r, is a constituent of some 
Gelfand- Graev character. 

Proof. (1) follows by taking the inner product of a — r with the non-degenerate 
Gelfand-Graev character of H. 

(2) By the way of contradiction, suppose that Tj for j ^ i is a constituent of a 
Gelfand-Graev character Y oi H. By Lemma \3.5\ there is a Levi subgroup L of H 
such that T = Y* H . Note that L ± H, as (t,T) = (n,T) = 1. Since (t 3 ,Y* h ) > 0, 
we have (a, Yj^ ) > 0, which is false as a is cuspidal. 

To prove the additional statement, recall that every irreducible character of 
H = GL(n,q) is a constituent of some Gelfand-Graev character (Lemma I3.11[) . 
This implies 7(7") = t. 

(3) Let Ti is a constituent of a Gelfand-Graev character v H . Suppose that m, > 1. 
Then (t,v h ) > n%i > 1, and hence (o-,v H ) > 1. This implies (x, v ) > 1, which 
contradicts Lemma |3~T1 □ 

Lemma 4.4. Let X)Xi> • • • >Xk G IrrH, and x(l) < \H\p- Suppose that xis) = 
Xi(ff) + '" + Xk(g) f or every p-singular element g £ H. Then all characters 
X, Xi; ■ ■ ■ j Xk belong to the same p-block. 

Proof. Let B be the block x belongs to. By reordering the Xi' s we can assume 
that xi, • • ■ ,Xm € B, and Xm+i, ■ ■ ■ ,Xk f B. By Feit [101 Ch. IV, Lemma 3.14], it 
follows that a := Xm+i + ■ • • + Xfe is a p-vanishing character, and hence <r(l) is a 
multiple of \H\ p . So <j(l) = 0, and hence a = 0, as claimed. □ 

The use of iSy^-decompositions of irreducible characters for computations of 
the Sy/p-vanishing characters of degree of \H\ P is very helpful and seems to be 
unavoidable for most groups of rank greater than 1. However, we feel that they 
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are of certain independent interest. Because of these we perform an extensive 
computations of them, and collect the relevant results in the tables at the end of 
the paper. 

5. Chevalley groups of BN-pair rank 1 

In this section as well as in Sections [7] and [9l we compute the SyZp-vanishing 
characters ip of degree \G\ P for some Chevalley groups G, whose character tables are 
known. Our main reference here is the algebra package CHEVIE JT2], in particular, 
its MAPLE part. We keep the notation of the CHEVIE package for the irreducible 
characters and the conjugacy classes. In particular, CHEVIE partitions Irr G in sets, 
which we call CHEVIE sets and denote by X/, = {xh{k) \ k € Ih} in this paper. Here 
h is a natural number and Ih is some parameter set, called the character parameter 
group (see the CHEVIE manual |12|). 

Furthermore, CHEVIE partitions the conjugacy classes of G in sets C^ = {Ch{k) | 
k <G Ih}, where, as before, Ih is the corresponding parameter set. Note the classes 
belonging to the same set C/j have the same order. 

To avoid misunderstanding, we emphasize that CHEVIE notation for parameters 
k e Ih for different groups is often not homogeneous, but we are forced to follow 
CHEVIE. For instance, the set I4 of U(3,q) is parametrised by (u, v), and the set 
I w of SU(3, q), with 3 | (q + 1), is parametrised by (n, m). 

It is essential for us that the characters in the same CHEVIE set X^ are Syl p - 
equivalent (but the converse is not true). This allows us, in performing compu- 
tations with SyZp-vanishing characters, to ignore the parameter k that determines 
an individual character Xh{k) € X/j. By this reason we write Xh to denote any 
character of X^ (to simplify the notation) . 

In order to facilitate computations, we first compute some SyZp-decompositions 
of the irreducible characters Xh of G, that is, the equalities that are true for every 
ueU: 

(5.1) Xh = Xji+ ■■■+Xjt (modC/). 

The results are given in the tables of SectionQT] For Sy/p-decompositions we choose 
to compact the notation by writing v = (ji, • • • ,j t ), especially in the tables. The 
case where t = 1 means that Xh and Xh are Sy^p-equivalent. (This is reflected in 
the tables, see, for instance Table [TTT21 3-B.') 

Our strategy involves three steps. First, we determine SyZp-vanishing characters 
of degree \G\ P whose irreducible constituents Xj nas no SyZp-decompositions (with 
t > 1). Next we use the Sy Zp-decompositions to obtain all SyZp- vanishing characters 
in question by substituting Xh for Xh + ' ' ' + Xj t whenever it is possible. Finally, 
we use the character table of G in order to detect and rule out those SyZp-vanishing 
characters that are not p-vanishing. In most cases we do this for groups with 
connected center. However, in the last step we try to only use elements that belong 
to the derived subgroup G" of G. In view of Proposition 16.21 this yields the result 
for groups with disconnected center. 

By Lemma [niU every Syl p - vanishing character -0 of degree \G\ P has at least one 
regular character constituent. We use CHEVIE to identify the regular characters of 
G in our list of S'yZp-decompositions. This allows us to assume that every regular 
constituent of ip is SyZp-indecomposable. We implicitly use this procedure for each 
group in the tables of Section fTTI without references. 
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Note that every character Xh € X/i occurs with the same multiplicity in a 
Gelfand-Graev character v G for a fixed v <E IrrU. In particular, by Lemma l2~4l we 
have: 

Lemma 5.1. Suppose that G is with connected center. If some character Xh G ^/i 
is regular then so are all characters in X/j. In addition, if x is a Syl p -vanishing 
character of G of degree \G\ P then for any fixed h there is at most one regular 
character from X/j occurring in x- 

Below we often use the following simple observation. Let H be a finite reductive 
group and G the subgroup generated by unipotent elements. Then H/G is abelian. 
Suppose that G is quasi-simple. Let x be a p-vanishing character of H of degree 
\H\ p . Then x contains a one-dimensional constituent if and only if x\g contains 
1q. Therefore, there is a one-dimensional character v of H such that x ' v contains 
Iff. 

In this section, as well as in Sections [7] and [9l we shall use the following notation 
for certain complex numbers: 

W = exp(2f), Ci=cxp(pi), £ 1 = ex p(ff|), & = exp(^), 

e3=cxp(^ T ), ^expt^^), < 2 =exp(^_). 

Now we start dealing with Chevalley groups of rank 1: SL(2,q), SU(3,q), 
2 B 2 (q 2 ) = Sz(q 2 ) with q 2 = 2 2m +\ and 2 G 2 (q 2 ) with q 2 = 3 2m+1 . 

5.1. Groups SL(2,q) and GL(2,q). One observes that all irreducible characters 
of GL(2, q) of the same degree are SyZp-equivalent. Inspection of the character 
table of G = SL(2, q) yields: 

Lemma 5.2. Let G = SL(2,q) and ip be a reducible character of degree q. Then 
ip is Sylp-vanishing if and only if one of the following holds: 

(1) ip — \q is an irreducible character; 

(2) ip — 1q = 971 + 772, where r/i,r)2 are distinct characters of degree (q — l)/2; 

(3) ip = t + T), where r(l) = (q + l)/2 and 77(1) = (g — l)/2 anrf r, 77 belong to 
distinct Weil representations of G. 

In addition, ip is p-vanishing if and only if ip is Syl p - vanishing and ip(z) — tp(l) 
for all z G Z{G). 

Remarks 5.3. (i) The character ip — lc in (1) and 771, 772 are cuspidal, (ii) The cases 
(2), (3) occur only for q odd. (iii) The cases (3) cannot occur for G — PSL(2,q). 
(iv) In (3) the characters r, n are in distinct blocks. 

Lemma 5.4. Let H = GL(2,q). A reducible character ip of H of degree q is 
Sylp-vanishing if and only if ip = A + r\, where A(l) = 1, and r\ is an irreducible 
cuspidal character of degree 77(1) = q — 1. In this case, ip is p-vanishing if and only 
if Ker(ip) =Z(H). 

In CHEVIE notation, ip = Xi(fei) • (1h + Xiiki)), where Xi(^i) (fa. € ^1) i s a 
linear character of H and k^ £ I4 with k^ = (q — l)k' 4 (see Tables [Tl.H -A.B.C.D). 
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5.2. The unitary groups SU(3,q) and U(3,q). We first consider the groups 
H = 17(3, q). According to CHEVIE, we partition Irr H into 8 sets X/,, and the 
characters in X/j are parametrized by a corresponding set Ih of parameters, see 
Table fTh2] l-A. Due to the Sy/p-decompositions of Table I11.2I 1-B. we first assume 
that h £ {1, 2, 6}. Using the character table of H, it is immediate to obtain a unique 
Sylp- vanishing character of degree \H\ P whose constituents belong to these X^: 
"01 = Xi + X2 + X2 + X6- Now, applying to this character the SyZp-decompositions 
of Table |TL"2"l l-B. we get all SyZp-vanishing characters of H of degree \H\ P (see 
Table Umi-C). 

To determine the p- vanishing characters of H of degree \H\ P , we use the character 
table of H. For the purpose of illustration, here and in some cases below, we provide 
the details. 

Lemma 5.5. Let H = U(3,q). Then H admits a reducible p '-vanishing character 
ip of degree \H\ p if and only if 3 | (q + 1). In this case, there are exactly q + 1 
characters ip, all of type 

i> = Xi(u) ■ (Iff + X2(a) +x 2 (2a) + xe(a, 2a, 3a)), 
where a = (a + l)/3 and Xi( u ) * s a linear character of H. 

Proof. Let ip be a Syl p - vanishing character of H of degree \H\ p = q 3 . By Lemma 
12.11 all the constituents of i/j belong to the same block. So it suffices to look at the 
classes C§{k, 1), where (fc, I) £ ^ q +i x Z 9+i and k ^ I. We have one of the following 
cases, modulo linear characters of H: 

(1) Take ^i = l_ff + X2( U 2) + X2( W 2) +X6(u6, u 6,W6). As all the summands are 
in the same block, it follows that q + 1 divides 3^2, 3u' 2 and uq + vq + wq. 
We obtain 

i , c -(k-l)u 2 | f -(k-l)u' 2 _ c (k-l)(u 6 +v 6 ) £—(k-l)v e c -(k-l)u 6 
1 T Si "r SI — SI T SI "+" SI 

This holds for every k,l with k ^ I. This implies that 3 divides q + 1, 
and, by symmetry, u-i = a, u' 2 = 2a and (it6 , ^6 , W6 ) = (a, 2a, 3a), with 
o = (g + l)/3. 

(2) Take -02 = X2(0) + X4("4,f4) + X6(^6,W6, ^6), with q + 1 dividing both 
2?i4 + V4 and U6 + ^6 + w 6 ■ We obtain 

, *— (fe— 1)ua p2(k—l)u4. _ (-(k—l)(us+ve) . p— (k— l)ve p—(k—l)ue, 

We have the following possibilities: 

(a) Either uq — or vq = 0: this implies u^ — and W4 = 0, a contradiction 
with the conditions on the parameters. 

(b) u e + v e = 0: again we obtain u 4 = u 4 = 0. 

(3) Take ^3 = X2(0) + X5(u5,W5): we obtain ^ t ' 5 " 5 = 1, which implies 
u 5 = v 5 — 0, a contradiction with the conditions on the parameters. 

□ 

Next, let G = SU(3,q), where 3 \ (q + 1). This case is very similar to the case 
f/(3, q). We list the the relevant informations in Tables [T1.2I 2-A.B.C. Thus, it can 
be easily proved the following 

Lemma 5.6. Let G — SU(3,q), where 3 \ (q + 1). Then G admit no reducible 
p-vanishing character of degree \G\ p . 
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Finally, let G — SU(3, q) with 3 | (q+ 1). We partition Irr G into 17 CHEVIE sets, 
see Table lTl~2l 3-A. The Sy/p-decompositions of Table lll.2l 3-B allow us to work only 
with the characters Xh where h £ {1, 2, 7, 8, 9}. So, using the character table, it is 
immediate to obtain the Syl p -vamshmg character %ji\ = xi + 2x2 + Xi + X8 + Xo- 
Next, applying the SyZp-decompositions of Tablc [TTT2"l 3-B to this character, we are 
able to list all the Sy l p -vamshing characters of G of degree \G\ P (see Table [TTT21 3- C ) . 

Lemma 5.7. Let G = SU(3, q), with 3 | (q + 1). Then G admits a unique reducible 
p-vanishing character tp of degree \G\ P , namely 

^ = Ig + 2X2 + X7 + X8 + X9- 

Proof. The cases q = 2,5,8 can be easily dealt with MAGMA. So, assume q > 
11. Applying Lemma 12.11 we easily rule out all the options where the irreducible 
constituents of ip are not in the same block. So, we have to study only the following 
five cases: 

(1) ij)\ = Xi + 2x2 + X7 + X8 + X9 : this character is p-vanishing. 

(2) V-2 = Xi + 2X2 + Xw(n, m): on the class C 7 (l) we obtain £™~ 2m + £" l ~ 2 " + 

£„+m = 3 g 0; g-2m = £m-2n = ^n+rn = j and hence ( m , n ) = (S+l , ^3+H), 

( 3 ' , ^3-). But, for this choice of the parameters, xio = Xi + X8 + X9- 

(3) V21 = X2+X4(fc)+X7 + X8 + X9: on the class C 7 (l) we obtain ^i+^ 2fe = 2 
and so £* = 1, a contradiction. 

(4) ^22 = X2 + X4(fc) + Xio(«, m)'- on the classes C7(a) (a = 1, 2, 3) we obtain 

1 + £? fe + Cr 2afe = £i ( "- 2m) + £(™-*0 + e «(™+™). It follows that (mj u) = 

(2±i, M) i (M a±l). So (g + 1) I *, a contradiction. 

(5) ^23 = X2 + Xb{ n )'- ° n the class CV(1) we obtain Q — 1, i.e. (q + 1) \ n, a 
contradiction with the conditions on the parameter set 75. 

Thus, ip\ is the only reducible p-vanishing character of G. □ 

5.3. Groups 2 B 2 {q 2 ). Let G = 2 B 2 (q 2 ), with g 2 = 2 2m+1 , m > 0. Accord- 
ing to CHEVIE, we partition IrrG into 7 sets X/j, see Table ITOl -A. The Syl p - 
decompositions of Table I11.3J -B allow us to work only with the characters Xh for 
h G {1,2,3,6}. Let ip be a SyZp-vanishing character whose constituents are Xh 
with h £ {1,2,3,6}. It is immediate to obtain a unique SyZp-vanishing character 
of degree \G\ P with these constituents: ipi = Xi + X2 + X3 + X6- Now, applying the 
S'yZp-decompositions of Tabic 1 11.31 - B to ipx, we are able to list all the S'y^p-vanishing 
characters of G of degree \G\ P (see Table [1L3J-C). As every element of G is cither 
scmisimple or unipotent, every Syl p - vanishing character is p-vanishing. Thus, we 
obtain the following. 

Lemma 5.8. Let G = 2 B 2 (q 2 ), q 2 = 2 2m+1 . Then G admits exactly 2 m ~ 1 (2 m + 1) 
reducible p-vanishing characters ip of degree \G\ p , all of type 

"4> = 1g + X2 +X3 + Xe( k )- 

5.4. Groups 2 G 2 {q 2 ). Let G = 2 G 2 (q 2 ), with q 2 = 3 2m+1 , m > 0. We partition 
IrrG into 14 sets X/j, see Table Hl~4l A. In order to reduce the number of the charac- 
ters Xh we have to consider, it is easier to work first only with the classes Gi, G2, G5. 
We obtain the decompositions listed in Table [LOl -B. These decompositions allow 
us to work only with the characters Xh, where h £ {1, 4, 5, 7, 9, 12, 13, 14}. Working 
only with these constituents, we obtain a unique character of degree \G\ P vanishing 
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on the classes Ci and C5: 9 = \i + 2x5 + 2x7 + Xi4- Now, we apply the decom- 
positions of Table I11.41 B to the character 8, to verify if the resulting character is 
Sylp-vamshmg. At the end, we are able to list all SyZp-vanishing characters of G 
of degree \G\ P (see Table HE1C). 

Lemma 5.9. Let G = 2 G 2 (q 2 ), with q 2 = 3 2m+1 . Then G admits exactly 3 m (3 m + 
l)/2 reducible p-vanishing characters ip of degree \G\ P , all of type 

1p = lG + X3 + X5 + X6 + X7 + Xl4(fc)- 

Proof. Direct inspection of the character table shows that every .Sy/p-vanishing 
character of G of degree \G\ P is p-vanishing. □ 

Observe that the group G = 2 G2(3)' has a unique reducible 3-vanishing character 
of degree \G\s: 4> = xi + Xe (with the notation of [4]). On the other hand, it has 
16 reducible 3-vanishing characters of degree 3|G|3. 

(1) Ten characters of shape </>i = a\i + b\s + cxg, where 0<a<b<c<3 
and a + b + c = 3. 

(2) Six characters of shape 4>2 — Xi + X6 + <^X7 + e Xs + /X9> where < d < 
e</<2andd + e + / = 2. 

This can be easily proved looking at the character table of G. 

6. SyZp-VANISHING CHARACTERS AND LEVI SUBGROUPS 

Let H be a reductive group with Frobenius endomorphism Fr and G the maxi- 
mal semisimple subgroup of H. Set H = H Fr and G = G Fr . 

Lemma 6.1 ( 18, Proposition p. 162]). Let r be an irreducible character of H. 
Then t\q is multiplicity free. 

Proposition 6.2. Let G, H be as above. Let x be a p-vanishing character of G. 
Then x is H -invariant and extends to a Syl p -vanishing character x' of H such that 
x'\g =X- 

Proof Note that x is an integral linear combination of the characters of projective 
indecomposable modules, and every of them extends to H (see [28[ Lemma 3.14]). 
It follows that x extends to a generalized p-vanishing character <j> of H such that 
4>\g = X- This implies that \ is H -invariant. Next, we shall modify <f> to obtain an 
ordinary SyZp-vanishing character. 

For a € Irr G denote by a the sum of the distinct .ff-conjugates of a. As x is 
if -invariant, we can write X — X) rn i^')d' for some integers m(a) > 0, with the sum 
over the minimal i7-invariant characters of G. 

Let t G IrriJ. By Clifford's theorem, t\g — d T a for some integer d T > 0. By 
Lemma ROI d T — 1. Set Irr 5- H = {r € lirH : t\g = cr}- Note that if Ti,T2 <E Irrg. H 
then t\\g = 72 |g = &■ Then we have 

<A = Yl Yl m ( r ) T > 

a re Irr s H 

where the first sum runs over the minimal H-invariant characters of G. Therefore, 
the multiplicity of ct in equals m{a) = J^relrr- h r71 ( r )- Let a& (resp., 65.) be 
the sum of all positive (resp., negative) coefficients m(r) occurring in this sum. 
Then a„ > b„ as m(a) > 0. Therefore, I2 T6lrr . H m(r)r|G = (a? — &ct)t"'|g for 
any t' £ Irrg-iJ, and {a a — b&) ■ r' is an ordinary character of H. So we replace 
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every generalized character X^reirr- h m ( T ) T by (as — b&) ■ r' to obtain a required 
modification y/ of <j>. D 



Remark. Proposition 16.21 is not true for .Sy/p-vanishing characters. Indeed, the 
characters of G — SL(2, q) in the item (3) of Lemma 15721 do not extend to GL(2, q). 

Note that H is a group with split BN-pair, see QH 24.10] or [3, p. 50]. So the 
Steinberg character can be defined for H as in t 7 ( 66.35 and 71.2]. This is of degree 
\H\ P , and hence of defect 0. 

Lemma 6.3. Let x be a Syl p -vanishing character of H. Let L be a Levi subgroup 
of some parabolic subgroup P of H. 

(1) Ifx^ Irri7 then x(l) — \H\ P , and x\g is the Steinberg character of G. 

(2) Suppose that the truncation Xl is irreducible. Then x(l) = \H\ P . 

(3) If x G fxt H is of defect then the truncation Xl * s irreducible of defect 0. 

Proof. (1) is well known. (Indeed, y(1) is divisible by \H\ p , so \ is °f defect 0, and 
hence x (mod p) is irreducible. The p-modular irreducible characters of H remain 
irreducible under restriction to G (cf. [551 3-14]), and hence have degree at most 
\G\ P = \H\ p (see 72.19] or gSJ Corollary of Theorem 46]). This implies (1).) 

(2) As Xl 1S irreducible, it is of degree |L| P by (1). As \H : P\ is coprime to p, 
the claim follows from Lemma 12.51 



(3) As x is °f defect 0, the reduction of x modulo p is irreducible and the 
corresponding module M is projective. By Smith's theorem [7] 72.32], the Harish- 
Chandra restriction Ml of M to L is irreducible and, moreover, projective. It is 
known that Xl 1S the character of Ml, cf. [28J Lemma 3.3]. It follows that Xl IS 
irreducible of defect 0. □ 

Lemma 6.4. Let <p be a defect irreducible character of H , and L a Levi subgroup 
of H . Then <p — St if and only if 4> L = StL- 

Proof. The "only if" part is well known, see for instance [9j p. 72]. For the "if" part 
suppose that <\> L = StL- First we prove the lemma in the case where L = T C B. 

Recall that 0(1) = \H\ p [3 72.20], equivalently, <J6 T (1) = 1 f Lemmal2~5"T) . Suppose 
that (</>, 1b) = 1. By Lemma l6~3l Stale — Sta and <j>\g = Stc- For every h € H 
we have <f>(h) = Stn(h) ■ fJ-(h) for some complex number /i(/i). It follows that 
the function /i is multiplicative (view <f> and Stn as representations rather than 
characters). As H is a finite group, [i is a representation. Therefore, <p = Stn ■ \x. 
As U C G, we have (J,(U) = 1. (Usually U is in the kernel of every linear character 
of H but there are a few exceptions.) Let <p = St ■ fi. Then 1 = (<J>\bAb) = 
(St\B-^\Bi Is) = (St\s, M*|b - 1s) = {St\B, ^*\b), where fi* is the complex conjugate 
to fi. By the above, fi*\g = Is- We show that /i* = l H . 

Let Ho be the subgroup generated by the unipotent elements in H . Then H/Hq 
is a p'-group. As -ffo-B contains B, this is a parabolic subgroup of H , and -ffo-B = J? 
as every parabolic subgroup coincides with its normalizer 65.19]. It follows that 
the mapping fj, — > [i\b yields an injective mapping from Irr H / Ha to Irr B / B' ', where 
B' is a derived subgroup of B. Therefore, /i|s = Is implies /i = \h ■ 

Let L ^ T and let 7/ = </> L . By transitivity of truncation, <p T = rj T . By the 
above, <fi = St is equivalent to T = It, and ?/ T = It is equivalent to r\ — StL- So 
the result follows. □ 
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We keep the notation H, G as in the beginning of the section, and assume that 
G is simply connected. In what follows we normally view H and G as groups with 
a split LW-pair defined by a Borel subgroup B and a subgroup N satisfying certain 
conditions, see §65]. We set T = N n B and W = N/T (which is called the 
Weyl group). We denote by i the BN-pair rank of H. (This is not the same as 
the rank of H.) Set Ig = {1, ...,£}. The standard parabolic subgroups of H are 
those containing B. They form a lattice isomorphic to the lattice of the subsets of 
Ig. We denote by Pj the standard parabolic subgroup corresponding to a subset J 
of Ig (and B corresponds to the empty set). Let Uj := O p (Pj) be the unipotent 
radical of Pj. Then Pj = Uj xi Lj for some subgroup Lj called the Levi subgroup 
of Pj. The Levi subgroups are conjugate in Pj, and it is possible to choose Lj to 
contain T. (This is always assumed below.) If K C J, then Pk ("I Lj is a standard 
parabolic subgroup of Lj containing the Borel subgroup BnLj of Lj. Furthermore, 
O p {P K n Lj) = C7 K n Lj, P a - n L, 7 = ([/a n Lj) x La and U K = J7j(17jt n Lj). 
In turn, Lj is a group with BN-pair whose Weyl group Wj is a subgroup of W. 
The Weyl group W has a unique (up to equivalence) irreducible representation p 
of degree £ called the reflection representation, and e := detop is called the sign 
character of W . 

Let Pj = LjUj, where Lj is a Levi subgroup of Pj. Denote by Gj the normal 
subgroup of Lj generated by the unipotent elements of Lj. Then Lj = GjT. 
Set Bj = B n Gj and Tj = T nGj. Then Bj is a Borel subgroup of Gj and 
Bj = (U H L j) ><] Tj. (Note that L?j differs from BP\Lj, which is a Borel subgroup 

Of Lj.) 

Recall that we call G a Chcvallcy group if G is simple and simply connected. 

In the previous section we obtained the following result for groups of BN-pair 
rank 1: 

Proposition 6.5. Let G be of BN-pair rank 1. Then G admits a reducible p- 

vanishing character \ of degree \G\ P , unless G = SU(3,q) with (q + 1,3) = 1. 

Furthermore, (x, 1g) — L an d some cuspidal character of G occurs as a constituent 

ofx- 

Proof. The result follows from Lemmas \EM EH E3 ES and EU □ 

In order to deal with groups of higher rank, we establish some properties of 
Sylp- vanishing characters. 

Lemma 6.6. Suppose that G = H . Let Ig = J U J' be the union of two subsets 
J, J'. ThenT = TjTj,. 

Proof. The result follows from (T4j Theorem 2.4.7(a)]. □ 

Lemma 6.7. Let \ be an arbitrary character of H , and let /3j be the truncation of 
Xl t° T ( so Pj * s a character ofT). 

(1) f3j = x T _ 

(2) Set A = Xl.,\g.,- Then \ Tj = (3j\ Tj . 

Proof. (1) follows from the transitivity of truncation. 

(2) By the definition of truncation, for all t g T and g £ Gj we have 



fr(*) = ]fj\ E *( ui ) and A (3) = ^ E x(fff)- 
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So, for all x e Tj, 



1 



1 ' ' yeunLj 

Y^ X(vyx) = — Y X(ux) = (3j(x), 






\UC\Lj\- \Uj\ ^ ^ AV w ; " \U\ 

using the fact that U = Uj(UnLj). □ 

Lemma 6.8. Assume G = H. Let I( = JL) J' be the union of two subsets J, J' . Let 
X be a Syl p -vanishing character ofG. Suppose thatxh, and\ L r are irreducible. 
Then Xt = It- 

Proof. Let n = (xl.j)\gj and ?/ = (x Lj ,)| Gj ,- Then 77 = 5t Gj and 77' = St Gjl 
fLemma lG.Sf l) and (2)). By Lemma T6.41 the truncation of 77 to Tj is lj^ and the 
truncation of r( to Tji is It,,- By Lemma [6 .71 XtW.j = 1t 7 and XtIt,, = It,/- 
Now Lemma [fT6l yields the result. □ 



The following result is our primary target; this allows us to use classical results 
(quoted in Lemmas 16.121 and I6.13J) on decomposition of lg as a sum of irreducible 
characters of G. 

Proposition 6.9. Let G = H be and y be a p-vanishing character of G of degree 
\G\ P . Then (x, 1§) = (1b,x|b) = l (equivalently, Xt = 1 t)- 

Proof. The first equality is the Frobenius reciprocity. The second equality is equiv- 
alent to saying that Xt — It- We use induction on the BN-pair rank of G. By 
Proposition |631 the proposition is true for groups of rank 1. Let If, = J U J' be the 
union of two subsets J, J'. Then 77 ■=Xl j \g j (resp., r/' :—x.l ,\g,<) is a p-vanishing 
character of Gj (resp., Gj>) of degree \Gj\ p (resp., \Gj>\ p ), see Lemma [2~51 By in- 
duction, the proposition is true for Gj and Gj> , so rj Tj = It,, and ?7' T t = It,, ■ By 
Lemma HTT1 rj Tj coincides with XtItj (as L contains T). Therefore, XtItj = It., 
and XtWj, — It,/- Now the result follows from Lemma I6U1 □ 

Corollary 6.10. Assume G = H. Let x be a Sylp-vanishing character of G such 
that Xt — It, and L a Levi subgroup of G. 

(1) IfXh * s irreducible of defect 0, then Xl = Sth- 

(2) If L is not solvable and Xl ^ as a one- dimensional constituent v, then v — 
1l- 

Proof. (1) By transitivity of Harish-Chandra restriction, the truncation of Xl to T 
coincides with It- So the claim follows from Lemma WM applied to L in place of G 
and T in place of L. 

(2) Since the Borel subgroup of L is (U fl L)T, by the definition of truncation, 
Vt = {v\unL, l(7ni) • v\t- Hence, v\t = It- On the other hand, let L u be the 
subgroup of L generated by the unipotent elements of L. Then, one easily observes 
that L — L u ■ T. Since v is a linear character of L, the derived subgroup of L 
coincides with L u . It follows that v\l u = 1l u , so the result follows. □ 

It is known that the blocks of non-zero defect of a finite reductive group H are 
in bijection with the elements of Z(H), see [TH1 §8.7]; this is deduced from the fact 
that every such block has defect \U\ and Ch(U) = Z(H). The following result 
shows that if a p-vanishing character of degree \G\ P is in the principal 75-block of G, 
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then the Harish- Chandra reduction Xl of x to every Levi subgroup L belongs to 
the principal p-block of L. 

Observe that Proposition 16 .91 is a special case (for L = T) of the following result. 

Corollary 6.11. Let G = H and L a Levi subgroup of G. Let % be a p-vanishing 
character of G of degree \G\ P . Then Z(L) is in the kernel ofxh- 

Proof. As Z(L) is contained in a Borel subgroup E>l of L. it is contained in a 
maximal torus Tj, of B^. However, Tl coincides with a maximal torus T of a 
Borel subgroup B of G. So Z(L) C T. By Proposition 16.91 Iz(L) is a constituent 
°f Xl\z(l)- Therefore, there is an irreducible constituent t, say, of Xl such that 
T \z(L) = T (l) ' ^z(L)- in other words, Z(L) is in the kernel of r. 

Suppose that the lemma is false. Then Z(L) is not in the kernel of some irre- 
ducible constituent t', say, of Xl- Therefore, t' and r belong to distinct p-blocks. 
As Z(L) C T, it follows that (\Z(L)\,p) = 1. This is not the case by Lemma [27X1 as 
Xl is p-vanishing. □ 

The following lemma is one of standard results on representations of groups with 
£W-pair, see 68.24, pp. 683 - 684]. Recall that the Weyl group W of a group H 
with BN-pair has a natural representation as a linear group generated by reflections 
64.29]. Assigning to every w £W the determinant detw in this representation 
yields a one-dimensional representation of W called the sign representation. In the 
statement below the character of the sign representation of W is denoted by e. For 
a subgroup X of W set ex = s\x- 

Lemma 6.12. Let H be a finite reductive group viewed as a group with BN-pair 
of rank £, B a Borel subgroup of H and W the Weyl group of the BN-pair. 

(1) There exists a bijection A i-» x\ between IytW and the set {x € IrriJ : 
(x, lg) > 0} such that xiw ~ ^h and Xe = St. In addition, (xa,1||) = 
A(l). 

(2) For each subset J of Li — {1, . . . ,£}, let Wj and Pj be the corresponding 
subgroups of W and H , respectively. Then 

(xa,1 Pj ) = (A, l Wj ) = (\\wjAw.,)- 

In particular, if = £ AeIrrH , A(l) • x\- 

(3) m 70.24] ( X x,St*f) = (X,e^ r ) = (X\ Wj ,e Wj ). 

Lemma 6.13 (7, (68.26)]). Let W be in Lemma \G.12[ assume that W is not a 
direct product of proper subgroups. Then each irreducible character A of Irr W is 
uniquely determined by the multiplicities {(A, l{^ ) : J C Lg\, with the following 
exceptions: 

(1) the characters of degree 2 if W is the dihedral group of order 12 or 16; 

(2) the two characters of degree 2 9 if W is of type E7; 

(3) the four characters of degree 2 12 if W is of type E%. 

Corollary 6.14. Keep notation of Lemma 16. 121 and assumption of Lemma \6.PA 

(1) Each irreducible character A of Ivy W is uniquely determined by the mul- 
tiplicities {(A,e|^ ) : J C Li}, with the exceptions (1),(2),(3) in Lemma 

mm 
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(2) The character xx is uniquely determined by the multiplicities {(xa> lp ) : 
J C Ii\ as well as the multiplicities {{x\tSv£ ) : J C L(}, unless A is 
listed in items (1), (2), (3) of Lemma 16.131 

Proof. (1) We have (A, £ ^. ; ) = {\(e\ Wj ) w ) = (A, 1^ ■ e) = (A • e,l^ ; ). By 
Lemma [6J~3l A • e is determined by the multiplicities {(A ■ e, ljy ) : J C /(}, so A is 
determined by {(Ajg^) : J C lg}. 

(2) follows from Lemmas 16.121 and I6.13[ and statement (1) of this corollary. □ 

The following lemma is a next important step in our analysis, as this settles a 
crucial special case, by showing that there is a Levi subgroup of G such that the 
Harish-Chandra restriction of x to L is not irreducible. 

Proposition 6.15. Assume G — H . Let Ig = J U K be the union of two subsets 
J,K. Let x be a Syl p - vanishing character of G. 

(1) Suppose that Xl j an ^Xh K are i rre ducible. Then x = St. 

(2) Suppose that xt is irreducible and (xl,,1l 7 ) = (Xi K > ^k) = 1- Then 
(x,1g) = 1- 

Proof. (1) As Xl 7 an d Xl k are irreducible and p- vanishing, they are of defect 0. 
By Lemma [QT 2i. x^ (1) = IAzIpj and hence x(l) = |G| p by Lemma [231 Now, 
X T = It by Lemma l6?8l and Xl, — ^Lj by Lemma IQ1 Similarly, x_l k = StL K . 
The equality Xt = It also means that (lg,x) = 1. Let r € IrrG occur both in x 
and lg (so (r, lg) = 1). 

By Harish-Chandra reciprocity, (x Lj ,St Lj ) = (x,Stff) = 1 and (~XL K > St L K ) = 

(x,St*^) = 1. So r occurs with multiplicity 1 in lg, Stff and Stf°. Let r 
correspond to the linear character A € Irr W according to Lemma l6.12l By Lemma 
E32T3), (r,5tff) = (\\ Wj ,e Wj ). Similarly, (r,5t#f) = (A| Wk) £ Wk ). This is only 
possible if A — e, and hence t — St. 

(2) Since Xt i s irreducible and (xlj> ^Lj) = li we have xt — It- We proceed as 
in item (1). Let r € IrrG occur both in x and lg (so r corresponds to the linear 
character A <E IrrVF according to Lemma T6.12p . By Lemma r6.12f 2'l. 1 = (t, lg ) = 
(A|v7j, lwj)- Similarly, (A|w K , 1vk k ) = 1- This is only possible if A = lw, and 
hence (x, la) = 1- D 

7. Chevalley groups of BN-pair rank 2 

In this section, we deal with Chevalley groups of BN-pair rank 2. These are 
SL(3,q), Sp(A,q), SU(A,q) SU(5,q), G 2 (q), 3 D 4 (q) and 2 F i (q 2 ). 

In view of Proposition 16.91 we state the following: 



Lemma 7.1. Let G be of BN-pair rank 2 and let v be a multiplicity 1 irreducible 
constituent of lg. Then, either v = \q, or v = St or of degree written below: 

G = 3 £ 4 (g).- <?V - 9 2 + 1) and 9 (g 4 - q 2 + 1); 
G = G2(q): 2 characters of degree q(q i + q 2 + l)/3; 
G = iSp(4, q): 2 characters of degree q{q 2 + l)/2; 
G = SU(4,q): q(q 2 - q + 1) and a 3 (q 2 - g + 1); 



24 M.A. PELLEGRINI AND A.E. ZALESSKI 

G = SU(5,q): q 2 (q 5 + l)(q+l) and q 4 (q 5 + l)(g + 1). 

Proof. These degrees are given in [51 pp. 114 - 115]. □ 

7.1. Groups SL(3,q) and GL(3,q). Note that SL(3,q) is the only quasi-simple 
group of rank 2 where we can avoid substantial computations. 

Proposition 7.2. Let H = GL(3, q) and let x be a reducible Syl p -vanishing char- 
acter of H of degree q 3 . Then \ — ^i-\-a^ H , where fi is a linear character of H and 
a is a cuspidal irreducible character of a proper Levi subgroup L ^ T (and hence 
cr(l) = q — 1). In addition, a# H is irreducible. 

Let a be a cuspidal character of L. Then the character \h + <J^ h is p-vanishing 
if and only if Z(L) is the kernel of a. 

Proof. Let L be a Levi subgroup of a parabolic subgroup P of H, where P is not 
a Borel subgroup. Then L = XZ(L), where X S GL(2, q). 

By Proposition ^. 151 Xl = iAl + °~i where /i(l) = 1 and a is cuspidal. (Indeed, 
as L/Z(L) = PGL(2, q), it follows that L has no irreducible character of degree d 
with 1 < d < (q + l)/2 for q ^ 3. In the latter case (q — l)/2 equals 1.) 

By Harish-Chandra reciprocity, (Xi°~* H ) = 1- I* 1 addition, as Cw(o~) — 1, the 
Harish- Chandra series of a consists of a single character, see [7J p. 678]. (Note that 
in our case the ramification group defined in [7J p. 678] is trivial as Njj(L) = L.) 
Therefore, a# H is irreducible, and a# H (1) = q 3 — 1. As x(l) = 9 3 ) the first 
statement of the lemma follows. 

Let a be any cuspidal character of L. It is easy to compute that a# H (u) = — 1 
for every unipotent element u ^ 1. So /i + c7^ ff is Syl p - vanishing for every linear 
character /i of H . 

Suppose that x — Iff + cr* ff is p-vanishing. Then, by Corollary 16. Ill a is trivial 
on Z(L). Conversely, let g = sw G _ff, where s 7^ 1 is semisimple, w is unipotent 
and sm = us. Then g is conjugate to an element of L, and if g G L then s G Z(V). 
Therefore, a(su) — a(u) = — 1. Let C be the conjugacy class of sw in iJ. One 
observes that C D P forms a conjugacy class in P. Let r be the inflation of a to 
P. Then t h = a# H and r^w) = — 1. By the induced character formula, we have 
t h (su) = — 1, which proves the second statement. □ 

Corollary 7.3. Let G = SL(3,q), and let x be a p-vanishing character of degree 
q 3 . Then either x = St or (%, 1q) = 1. In addition, no irreducible constituent of x 
is cuspidal. 

Proposition 17.21 can be compared with the results obtained with use of CHEVIE. 
Below are some details. 

Let H = GL(3, q). Following CHEVIE, we partition Irr H into 8 sets X/,, 1 < h < 
8, see Table [Ti~5"l l-A. The Sy/p-decompositions of Table li"l~5"l l-B allow us to work 
only with the characters Xh for h G {1, 2, 7, 8}. For this range of h, it is immediate 
to observe that ipi — Xi +X7 is the unique SyZp-vanishing character of degree \H\ P . 
Now, applying the SyZp-decompositions from Table [Tl~5l l-B to this character, we 
obtain all S'yZp-vanishing characters of H of degree \H\ P (see Table ITl~5l l-C). In 
particular, every such character has a one-dimensional irreducible constituent. 

Lemma 7.4. Let H = GL(3, q). Then H admits exactly (q — \)(q — S)/2 reducible 
p-vanishing characters ip of degree \H\ p , all of type 

ip = Xifai) ■ 0-H + Xr(q~ l,ri7)), 
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where 5 = ~\ ' , n\ G 1 q -\ and n 7 = (q — l)n' 7 , with n' T G Z g+ i and q + 1 does 
not divide n' 7 . 

Proof. Modulo linear characters of H, take ipi = 1h + xi{' m : n )- Then, (q — 1) | 
(to + n) and it suffices to look at the classes C^(a, b), where we have £™ = 1. 

Thus, m = q — 1 and n = {q — l)n' , where n' G Z q +i and q + 1 does not divide 
n'. D 

Now, let G = SL(3, q). We have to distinguish two cases, depending on whether 
3 divides q — 1 or not. However, the computations remain very similar to those for 
GL(3, q). We provide the relevant informations in Tables [Tl. 51 2- A.B.C if 3 | (q— 1), 
and in Tables [T1.5I 3-A.B.C otherwise. Thus, it can be easily proved the following 

Lemma 7.5. Let G = SL(3, q) and 5 = ~ ^ - . Then, G admits exactly (q — 5)/2 
reducible p-vanishing characters tp of degree \G\ P , all of type 

i> = lG + Xi(a), 
where a = (q + l)a', i = 10 if 3 | {q — I), and i = 7, otherwise. 

7.2. Groups H = U(A,q). CHEVIE partitions IrrTJ into 23 sets X^, see Table 
I11.6I -A. Let ip = J2 Xh be a reducible Sy l p -va.nishmg character of H of degree \H\ p . 
Due to the Sy^p-decompositions in Table HTTB1 -B. we hrst assume that h G {2, 5, 7, 
8, 12, 19, 23}. Note that xi9 and X23 are the only regular characters of this set. How- 
ever, since the degree of X23 is greater than \H\ V , it follows that X19 is a constituent 
of tp. So the other constituents of tp are {\h \ h — 2,5,7, 8, 12}. Using the classes 
Cz(q+ 1) and C$(q+ 1), we observe that ip must have at least 2 constituents of type 
X7 and a constituent of type xs- Now, the character values at the class 64(17 + 1) 
imply that either \i is a constituent of tp, or both xs and X12 are other constituents 
of ip. In the latter case we get a contradiction on the class C$(q + 1). Therefore, we 
get a unique iSyZp-vanishing character of degree \H\ p : %p\ — xi + Xi + X~i + Xs + Xi9- 
Applying the Sy^-decompositions of Table I11.6I B to ip\ , we determine all Syl p - 
vanishing characters of H of degree \H\ p (see Table [TTTjJ-C). 

Lemma 7.6. Let H = [7(4, q). Then neither H nor G — H' has a reducible 
p-vanishing character of degree \H\ p . 

Proof. Suppose the contrary and assume q > 4 (the cases q = 2, 3 can be solved 
with magma). In view of Table [TTTBl C, up to linear characters of H, we have to 
consider the following four cases: 

(1) Ipl = X2(0) + X7(k7,l,k7,2) + X7(k' 7A ,k T2 ) + Xs{ks,l,h,2) + Xl9( fc 19,l» fc 19,2, 

^19.37^19.4)- On the class Cis(l,2) we obtain l;^' 1 8 ' 2 = 1. This implies 
that q + 1 divides fes.i — &8,2i a contradiction. 

(2) 1p2 = X2(0)+X7(fc7,l, fc7,2)+Xl6(fcl6,U fc 16,2, fcl6,3)+Xl9 (^19,1, ^19,2, ^19,3, k 19A )- 

On the classes C\e(q + 1, 12, —12) we have 
2 + Re{^ 7 ^ k7 - 2)V2 ) + #e(£f 16,1 ~ fel6 ' 2)i2 ) + i?e(£f 16a ~ fcl6 ' 3)l2 )+ 
+R.e(t[ kl6 - 2 - kl6 ' 3)t2 ) = fle^f 19 ' 1 ^ 19 ' 2 '* 2 ) +i?e(£f ^i^ 19 ' 3 ^ 

+i?e(C 1 ' Cl9 ' 1_ ' £l9 ' 4)l2 ) + +i?e(^ fel9 ' 2_ ' £l9 ' 3)12 ) + Re(t[ kl9 - 2 - kl9 - i)t2 )+ 
+Re(£,[ kl9 - 3 ~ kl9A)l2 ). 
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This holds for every 12 E % q +i such that q + 1 does not divide 2i±. If 
q > 13, this implies that q + 1 divides /cig,i — &i9j for some i / j, a 
contradiction. For 4 < g < 11, it can be proved directly that this condition 
for ii = 1, . . . , |_(g — 1)/2J is never satisfied. 

(3) V's = X2(0) + X7(k 7 ,i, £7,2) + Xi5(fci5,i, ^15,2, ^15,3)- On the class C 8 (l,g - 
2) we have f^- 1 -*-" = ^*«.i-*w.a-*i*,8 and on c* 18 (l,2) we have 1 = 
£2fc 16ll -fc 15 , 2 -fc 16 , 3 _ Sq ^ 7ll -fc 7l2 = ^ and hence ^ + ^ 1 (fc7i _ ^ a 

contradiction. 

(4) V 4 = X2(0) + X6(fei,fe). Using the class C 7 (l,q- 2) we have ^ kl = 1. 
It follows that (g + 1) I (&2 — fei), a contradiction with the conditions on 
the parameters. 

Since all the conjugacy classes we have considered belong to H' , it follows from 
Proposition 16.21 that also H' has no p- vanishing character of degree \H\ P . □ 

7.3. Groups H = 11(5, q). CHEVIE partitions Irrff into 43 sets, see Table lTTJl -A. 
Let ip = J2 Xh be a reducible Syl p - vanishing character of H of degree \H\ p . 

The iSyZp-decompositions of Table I11.7U 3 allow us to deal only with the charac- 
ters Xh for h € {2, 5, 6, 7, 16, 20, 21, 37, 42, 43}. Note that X37, X42 and %43 are the 
only regular characters in this set. However, ^43 is ruled out by degree reasons. 

(1) Suppose that X37 is a constituent off/'- Then, looking at the classes C%(q+1) 
and CV(g+l), the character ip must have at least one constituent of type X21 
and three constituents of type xw- With some little efforts, we get a unique 
S^p-vanishing character V>i = X2 + Xh + Xi6 + X20 + X20 + X20 + X21 + X37, 
where X20 5X20 1X20 ^ X20 are not necessarily distinct. 

(2) Let X42 be a constituent of i\j. Then, by degree reasons, the other con- 
stituents of ip must belong to the set {\h | h = 5,6,7,16,21}. Then, 
looking at the classes C$(q + 1) and Cj(q + 1), the character ip must have 
one constituent of type x~i and at least one constituent of type xv& ■ This 
leads to a contradiction on the class C&(q+ 1). 

Now, applying the Sy/p-decompositions of Table I11.7I B to the character ipi , we 
obtain all Sy^-vanishing characters of H of degree \H\ P (see Table [1L7J-C). 

Lemma 7.7. Let H = U(5,q). Then, neither H nor G = H' admit any reducible 
p-vanishing character of degree \H\ p . 

Proof. Suppose the contrary. The cases q = 2, 3 can be solved using MAGMA. 
Assume q > 3. First, take ■014 = X2(fc2,i)+X8(fe8,ij ^8,2)- Using the class Cg(l,g— 3) 
we have i^ 8,2 s>1 = 1, a contradiction. In all the other cases, it suffices to consider 
the classes C^(q + l,i-2, ^2)- We obtain one of the two following conditions: 



/~\ 1 I t(^a,2—k a 1)12 tikb.l — kb,2)i2 , /-(^fe, 1 — kb,3 )22 - -. rj 

l a J l + 4i = ?i +?i ,»2 = 1,2, 

/UN <"> I c(ka,2— fe<l,l)*2 Akb,l — &i>,2)J2 . /-(k b i — fc(, 3 )»2 . e (fcf>, 1 — k bi )l2 ■ 1 1 Q 

(, D J ^ + ?1 = ?1 +?1 +?1 I «2 = J-,Ao. 

In both the cases, this implies that g + 1 divides /c^i — fe(,,j for some j ^ 1, a 
contradiction with the conditions on the parameters. (The case (b) for q = 4 needs 
to be solved directly.) 

Since all the conjugacy classes that we have considered belong to H', if follows from 
Proposition 16.21 that also G — H' has no p-vanishing characters of degree \G\ p . □ 
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7.4. Groups G = Sp(4, q). Let G — Sp(A, q) with q even. According to CHEVIE, we 
partition IrrG into 19 sets, see Table fTTTBT l-A. Let ip be a reducible SyZp-vanishing 
character of G of degree \G\ P . The Sy/p-decompositions of Table UTTSl l-B allow us 
to work only with the characters Xh where h £ {1,2,3, 4, 5, 9, 13, 18, 19}. Note that 
the regular characters belonging to this set are Xi8 an d Xi9- 

(1) Let xis be a constituent of ip. Then, by degree reasons, the other con- 
stituents of ip must belong to the set {\h | h = 1, 5}. In this case we easily 
obtain a contradiction. 

(2) Let xig be a constituent of ip. Then, by degree reasons, the other con- 
stituents of ip must belong to the set {xh \ h = 1, 2, 3, 4, 5, 9, 13}. Looking 
at the class C5, either X9 or X13 is a constituent of ip. In the former case, 
we obtain the Syl p -vauishm.g characters ipi — xi + X9 + X13 + X19 an d 
02 = X3 + X5 + X9 + Xi9- I n the latter case, we obtain the characters ipi 
and ip3 = X4 + X5 + X13 + Xi9- 

Now, applying the Sy^-decompositions of Table Hl~8l l-B to the characters ipi,ip2 
and ip3, we are able to list all the Syl p - vanishing characters of G of degree \G\ P (see 
Table ULlC). 

Lemma 7.8. Let G = Sp(4,q) 7 q even. Then G has no reducible p-vanishing 
character of degree \G\ p . 

Proof. Suppose the contrary. Then we have to consider the following cases. 

(1) ip! = IG+X9{k9)+Xi3(ki3)+Xi9(ki9,h9)- For i = 1,2, on the classes C w (i) 
we have Re(^ kia ) + Re(^ 10 ) = i?e(Cf 13 ) + i?e(^f 9 ) and on the classes 
C 14 (i) we have Re^{ kl9+lw)t ) + Re(^ kl9 - lw}t ) = Re(£ ikl3 )+Re(£ k9 ). Set 
A = Re(£ kl9 ), B = Re(£[ 10 ), C = i?e(^ 13 ) and D = i?e(£i 9 

2A.B = 2C* 2 - 1 + D 

(2AB) 2 - 2(A 2 + B 2 ) + 1 = 4C 4 - AC 2 + L> 2 . 

( J 4,B) = (C,D),(D,C) 

If C = 5, then 2AB = D - |. This implies that either A = C = ± and 
B = D = D - 1/2 or B = C = | and A = D = D - ±. So, in both the 

cases we have an absurd. Hence, we may assume C ^ | and I? = 2 £jZi • 
We get the equation 

8(C-l) 2 (Wic 2 -ie7-i)=0. 

Now, since C^l: 

(7.1) = C* + ic 2 - \C - i = (C - cos(|)) (c - cos(^)) (c - cos(^)) . 

Thus, we have a solution if and only if 7 divides q + 1. However, this does 
not happen since g is even. 

(2) 02 = 1g + Xg(fcg) + XuC^u)- On the class Cu(l) we have iie^ 9 ) = 1, a 
contradiction. 

(3) 03 = Xi + Xio(fcio) + Xis(fei3)- On the class Cio(l) we have Re(£, kl3 ) = 1, 
a contradiction. 
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(4) Takeipi=X3 + X5 + Xd(k9)+Xi9(ki9,lw). On the classes Cu(i) (i = 1, 2) 
we have 1 + Re(g lk9 ) = Re(£ {kl9+ll9) ) + i?e(^ (fel9 ~' 19) ), which implies 
that q + 1 divides either kig + lig or k±g — l±g. In both cases, we get a 
contradiction. 

(5) ?/>5 = \3 + X5 + Xio(fc)- On the class Ci4(l) we have Re(^) = 1, a contra- 
diction. 

(6) ip 6 = X4 + X5 + Xi3(fci3) + Xi9(^i9^i9)- On the classes Cu{i) (i = 1,2) 
we have 1 + Re{g lkl3 ) = Re{£ {kl9+ll9) ) + Re(£ {kl9 - lw) ), which implies 
that q + 1 divides cither fcig + lig or fcig — ^ig. In both cases, we get a 
contradiction. 

(7) V>7 = X4 + X5 + Xi4(^)- On the class Cio(l) we have Re(^) — 1, a contra- 
diction. 

□ 

Now, let G = Sp(4, q), q odd. The character table of this group is not imple- 
mented in CHEVIE, but it was described in papers by Srinivasan [24] , Przygocki [22] 
and Bleher [2J. We keep the notation of [51] for the conjugacy classes. 

Let tp be a reducible Sy^-vanishing character of degree |G| p . We partition 
IrrG into 49 sets X/j as done in Table I11.8I 2-A. (Note that this is not taken 
from CHEVIE but again all characters in every set are Sy^-equivalent.) The Syl p - 
decompositions of Table [Tl~8l 2-B allow us to work only with the characters \h, 
where h £ {6, 16, 17, 37, 38, 40, 42, 44}. Note that the only regular characters in this 
set are xw and Xi7- By Lemma |3.1[ at least one of them is a constituent of ip. In- 
specting [23], we observe that xie and Xi7 are CSp{A, ^-conjugate. By Proposition 
16.21 both of them are constituents of ip. (It follows that they are constituents of 
two distinct non-degenerate Gelfand-Graev characters.) Working only with these 
constituents, we obtain only two Sy^p-vanishing characters of degree \G\ p : 

4'1 =X6+ XW + Xl7 + X37 + X38 + X40 + X40 + X44 

and 

i>2 = Xl6 + Xl7 + X37 + X38 + X40 + X40 + X40 + X42- 

Now, applying the Sy^p-decompositions of Tablc lll.8l 2-B to the characters ipi and 
■02, we obtain all Sy^-vanishing characters of G of degree \G\ P (see Table fTl~8l 2-C). 

Lemma 7.9. Let G = Sp(A,q), q odd. Then G admits reducible p-vanishing char- 
acters ip of degree \G\ P if and only if 7 \ (q + I). In this case, there are exactly 3 
characters ip, all of type 

i> = lG + Xi(a, b) + xe(c) + Xio(d), 

where 

(a, b, c, d) e {(T, 3T, T, 3T), (T, 2T, IT, T), (2T, 3T, 3T, 2T)} 
andT = {q+l)/7. 

Proof. Most of the Sy^-vanishing characters of G can be easily ruled out. We 
present here some examples for the most interesting cases. 

(1) Let ipi = 1g + X4{k4,h) + Xe(ke) + Xio(fcio)- On the class D 3 i we have 
(-l) fe4 + (-l)' 4 = (-l) ke + (-l) kw On the class L»2i we have (g-l)(-l) fc6 + 
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2'i 



q = (q- l)((-l) fc4 + (-1)' 4 ) + (-l) fcl °. Thus, fcio is even. On the class 
B?(i) we have 



Re($ l+ll)i ) + Re(£_[ ki ' h)t ) = Re{g lk6 ) + Re(£ k I0 ) 

and on the class C2i(i): 

Re(^ 1 ) + Re{i[ At ) = Re^ 6 ) + Re(^ kl °). 

As for the case q even, we set A = Re(£ ki ), B = i?e(^ 4 ), C = Re(£ kB ) 
and D = Re(£ kl °), obtaining C = cos(2£tt/7), t = 1,2,3, and D = 
cos(6£tt/7). Thus, 



(A,B,C,D) G {(cos 



2-7T 67T 27T 67T 

— , cos — , cos — , cos 

7 7 7 7 

67r 2n 2tt 67r 

cos-— , cos — - ,cos — — ,cos-— - 

7 7 7 7 



47T 



2tt 



47T 



cos — , cos — , cos — , cos 

7 7 7 7 



2tt 

T 
2tt 



27T 47T 47T 

cos — , cos — , cos — , cos — 

7 7 7 7 

67T 47T 67T 47T\ 

cos — , cos — , cos — , cos — 

7 7 7 7 / 

47T 67T 67T 47T\ 

cos — , cos — , cos — , cos 

7 7 7 7 / 



This means, denoting T — ^j-, that 

(fc 4 ,z 4 ,fc 6 ,fc 10 ) e {(T,3r,T,3T),(3r,T,r,3T),(2r,r,2r,r) 

(T, 2T, 2T, T), (3T, 2T, 3T, 2T), (2T, 3T, 3T, 2T)}. 

It is clear now that Re^ (kl+U)l ) + Re(^[ ki ' U)i ) = fle(^* *•) + J Re(£J fcl °) 
and Re(Ci l ) + #e(£? 4 ) = Reffi) + Re(£{ kl °) for all i. It follows that V 
is a p- vanishing character if and only if 7 divides q + 1. In this case, since 
X4(a, 6) = X4(^: a )i G admits exactly three p- vanishing characters of degree 
\G\ P as described in the statement. 

(2) Take tp 16 = 1 G + xdh) + XioOio) + XieC^ie) + XuC&rr)- Looking at 
classes C 2 i(l) and C 22 (l) we obtain i?e(^ 16 ) = i?e(^ 17 ). On the classes 
B r (*) (« = 1,2) we get Re(g ike ) + Re(({ kw ) = 2(-l) l Re{^ kl6 ). Hence 
_Re(^ 1 ln ) = — 1, a contradiction. 

(3) "029 = 1G + X6(fc6)+Xi6(fcie)+X23 + X24- On the classes C 2 i(l) and C 22 (l) 



we obtain i?e(^ 1 16 ) = 1, a contradiction. 



□ 



Remark. It can be shown that the p- vanishing characters ip\ of Sp{A, q), described 
above, can be extended to p-vanishing characters of CSp(A 1 q). In Tables [T 1.81 3- 
A,B,C we report information about irreducible characters, SyZp-decompositions and 
SyZp-vanishing characters of CSp(4, q), q odd. 
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7.5. Groups 3 I?4(g). Let G — ^Dn{q). The character table of G depends on the 
parity of q. Here we describe in detail only the case q odd; the case q even is very 
similar (see Tables [TTHl.A,B,C). 

So, let q be odd. According to CHEVIE, we partition Irr G into 33 sets, as listed 
in Table I11.9I 2-A. Let i/j = ^ Xh be a reducible Sy/p-vanishing character of G of 
degree \G\ p . The SyZp-decompositions of Table [TTT91 2-B reduce our search to the 
case where h € {1,2,3, 4, 5, 6, 7, 9, 15, 16, 21, 24, 25, 30, 33}, which we assume below. 
Note that, for these h, the only regular characters \h are with h — 30, 33. 

First, some computation shows that (X30, ip) = 0. 

Next, assume that X33 is a constituent of tp. Looking at the values of Xh at the 
class CV, we observe that X21 or X24 is a constituent of ip. In the former case, we 
get the character ipi = Xi+ X21 + X24 + X25 + X33- hi the latter case, we obtain the 
characters ^2 = X5 + Xe + Xi + X21 + X33 and ^3 = X2 +X5+ Xe + X24 + X25 + X33- 

Finally, applying the Sy/p-decompositions of Table I11.9I 2-B to the characters 
"01? "02, "03j we determine all SyZp-vanishing characters of G of degree \G\ P (see Table 
HOI2-C). 

Lemma 7.10. The group G = ^Di(q) has no reducible p-vanishing character of 
degree \G\ P . 

Proof. Suppose the contrary. Assume that q is odd (the case of q even is similar) . 

(1) Take^i = lG+X2i{k2i)+X2A(k24,)+X25(k25)+X33(k3S,hs)- On the classes 
£-22(0) (a = 1, 2, 3) we have 

1 + Re^f 21 ) + Re{il ak21 ) = Re{£,f 33 ) + Re(£ (k33+h3) ) + Re(C ik33+2l33) ). 

This implies that q + 1 divides at least one of the numbers Z33, /C33 + Z33, 
/s33 + 2Z33 , which violates the description of the parameter set Ih ■ 

(2) Take02 = X5 + X6 + X7 + X2i(fc2i) + X33(fc33,^33)- In this case, we have the 
same contradiction as in the previous case. 

(3) Take ip 3 = xi + X5 + Xe + X24(&24) + X25(fc2s) + X33(&33,^33)- On the class 
C 22 (l) we obtain Re(^[ 33 ) + Re(^ 33+l33 ) + Re(^ 33+2133 ) = 3. This leads to 
a contradiction. 

(4) Take ^4 = 1g + X2i(fei) + X27(&27) + X33(&33,^33)- On the class C 22 (a) we 
get 

Re{Ci k21 ) + Re(£ ak21 ) + Re(g kz7 ) = Re{tf l33 ) + Re(tf (k33+h3) ) + Re(^ k33+2l33) ). 

Using the classes C 25 (l) and C 26 (l) we get Re(ip^ 27 ) = Re^ 33 ) = 1. 
Furthermore, setting £27 = (q 2 — q + 1)^27 and £33 = (q 2 — q + l)fc 33 , on 
the classes C2s(a) we have 

Re{tf k21 ) + Re^f 27 ) + Re{£ ak ' 27 ) = Re{£,f 33 ) + Re(£ {k ' 33+l33) ) + Re(^ 2k ' 33+h3) ). 

With some work, this yields a contradiction. 

(5) Take tp 5 — xi + X2i(fei) + X2s(fc2s)- On the classes C 2 2(a) (o = 1,2) we 
obtain l + i?e(^ fe2S ) = Re(g k21 ) + Re(£ ak21 ), which implies (ff+l)/2 | fei, 
a contradiction. 

(6) Take 6 = 1 G + X22(k 2 2) + X24(k 2 4) + X25(^25)- On the class C 22 (l) we 
obtain the equality i?e(^ 22 ) = 1, which is a contradiction. 
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(7) Take ip-j — 1q + X22(k 22 ) + X27(^27)- On the class 6*22(1) we obtain 
Re{^ 22 ) = Re(^ 27 ) and on the class C 26 (l) we get i?e(<^ 27 ) = 1. On 
the class C 28 (l) we have Re(^ {q ~ 1)k27 ) = 1. This implies that (g 3 + l)/2 
divides ^7, which is a contradiction. 

(8) Take -08 = X2 + X5 + Xe + X27(&27) + X33<>33)- On the classes C 22 (a) 
(a — 1,2,3) we get 

2 + i?e(£f 27 ) = Re(£,f 33 ) + Re(g (k33+h3) ) + Re(£ (k33+2l33) ). 

This implies that q + 1 divides at least one of the numbers ^33, £33 + £33, 
^33 + 2/33, which is a contradiction. 

(9) Take V>9 = X2+X5+X6+X2s(fc2s)- On the class C 22 (l) we have i?e(£i' 28 ) = 1, 
a contradiction. 

(10) Take ip w = X5 + X6 + X7 + X22{k 22 ). On the class 6*22(1) we obtain 
i?e(^ 22 ) = 1, a contradiction. 

□ 

7.6. Groups G 2 (q). Let G = G 2 (q). The character table of G provided by chevie 
distinguishes five cases, depending on the parity of q and on the congruence class 
of q modulo 3. All the cases are very similar, so we choose to describe in detail 
only the case q odd with q = — 1 (mod 3), which requires more work. 

So, let q be odd with 3 | (q+l). According to chevie, we partition IrrG into 31 
sets Xfc, as listed in Table ITT. 101 5- A. The S*yZ p -decompositions of Table [ll.lQ[ 5-B al- 
low us to work only with the characters %h for h € {1, 2, 3, 5, 6, 7, 9, 11, 15, 22, 27, 30}. 
Note that X27 and %30 are the only regular characters of this set. Let tp be a re- 
ducible Sy/p-vanishing character of G of degree \G\ P whose constituents belong to 
the above set of h's. 

First, assume that X27 is a constituent of ip. Using the class G7, we conclude 
that either X15 or X22 occurs as a constituent of tp. In the former case, we get 
V>i = X5 + Xe + Xe + Xt + X7 + X9 + Xi5 + X27- In the latter case, we get i(j 2 = 

Xl + X6 + X7 + X9 + Xl5 + X22 + X27- 

Next, assume that X30 is a constituent of ip. Then, with some work we obtain a 
contradiction. 

Finally, applying the 5*j/Z p -decompositions of Table [TT.10I 5-B to ipi,ip 2 , we de- 
termine all Sy I p-v&nishmg characters of G of degree \G\ P (see Table [TT.10I 5-C). 

Lemma 7.11. The group G = G 2 (q) has no reducible p-vanishing character of 
degree \G\ p . 

Proof. Suppose the contrary. As before, we consider here only the case with q odd 
and 3 | (q + 1). The proof for the other cases is very similar. 

(1) Take ipi,ip 2 ,ip3,ip4, ip5,ipia- All these characters do not vanish on the class 
G14. 

(2) Take ipe = lo + Xi5 + Xi6 + X22(k 22 ) + X27(fc 2 7, for)- On the classes G 2 3(«) 
(i = 1, 2, 3), we have 

1 + Re(£ k 22 ) + Re{Ci k22 ) = Re{C^ k27+l27) ) + i?e(£* (fe27 ~ 2 ' 27) ) + i?e(£p fe27 ^ 27) ). 

This implies that q+l divides at least one of the integers ^27 + ^27, k 2 t~2l 2 7, 
2^27 — for, a contradiction. 
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(3) Take ^7 = 1G+Xi5+Xi6+X23(fc23)- On the class 623(1) we have Re(£ k23 ) = 
1, a contradiction. 

(4) Take ^ 8 = 1 G + X22O22) + X24O24) + X27(&27, £27)- On the classes 6 23 («) 
we have 

Re{tl k22 )+Re(g lk22 )+Re(g lk2i ) = Re{^ k27+l27) )+Re(C {k27 ' 2l27) )+Re(C (2k27 ~ l27) ) 

and on the classes 625(1) we have 

i?e(£f 22 ) + Re{£l k24 ) + Re{g lk2i ) = i?e(£f 27 ) + Re(tf 27 ) + Re(^ {k27 ^ 27} ). 

These conditions lead to a contradiction. 

(5) Take ip 9 = 1 G + X22(&22) + X25<>25)- On the classes 6 23 («) (i = 1,2) we 
have 1 + Re(g ik2B ) = i?e(£? 22 ) + Re(g ik22 ). This implies that (g + l)/2 
divides ^22, which is a contradiction. 

(6) Take ip 10 = 1 G + X23^23) + X24(&24)- On the classes 6 25 (») (i = 1,2) we 
obtain 1 + Re{£,{ k23 ) = #e(£f 24 ) + Re{g ik2i ). This implies that (q + l)/2 
divides &24, a contradiction. 

(7) Take ip n = X4 + Xe + X7 + X22(&22) + X27(&27, ^27)- On the classes 623(2) 
(i = 1, 2, 3) we obtain 

1 + i?e(£j fe22 ) + ite^i*") = Re(S,l {k27+l27) ) + Re{£ (k27 ~ 2l27) ) + Re(S,l (2k27+l27) ). 

This implies that q+1 divides at least one of the numbers £^7+^27, &27 — 2^27, 
2/c27 — ^27, which contradicts the description of the parameter sets Ih- 

(8) Take V12 = X4 + Xe + X7 + X23(fc23)- On the class 6*23(1) we obtain 
i?e(^ 23 ) = 1, a contradiction. 

(9) Take ip 14 = X5 + Xe + X7 + X15 + Xie + X27(^27, hr). On the classes 623(1) 
we obtain i?e(^ 27+ ' 27 ) + ife^ 27 " 2 ' 27 ) + i?e(^' C27+ ' 27 ) = 3, which implies 
that (q+1) divides (fc 2 7 + I27), a contradiction. 

(10) Take ip 15 = X5 + Xe + X7 + X24(&24) + X27(&27, ^27)- On the classes 6 23 («) 
(i = 1, 2,3) we obtain 

Re{£l (k27+h7) ) + Re{£l (k27 ~ 2l27) ) + i?e(£J (2fe27 ^ 27) ) = 2 + i?e(£f fe24 ), 

which implies that q + 1 divides at least one of the numbers kxj + ^27, 
&27 — 2Z27, 2fc27 — ^27, which is a contradiction. 

(11) TakeVie = X5+X6+X7+X2 5 (fe 5 )- On the class 623(1) we have Re^ 25 ) = 
1, a contradiction. 

□ 

Observe that the group G — 62(2)' has no reducible Sy^-vanishing characters 
of degree |GJ2- On the other hand, G has six reducible Sy^-vanishing characters 
of degree 2|G| 2 - In the notation of [4]: 
(1) 0x = 2x13; 



(2) 02 


= 2xi 4 ; 


(3) 03 


= Xl3 + Xl4 5 


(4) 04 


= Xl +X3 + X4 + X9 + X115 


(5) 05 


= Xl +X3 + X5 +X8 + X125 


(6) 06 


= Xl +X3 + X6 +X8 + X9- 



The three characters 0i, 02, 03 are 2- vanishing, whereas the other three characters 
are not. This can be easily proved using the character table of G. 
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7.7. Groups 2 Fn(q 2 ). The groups 2 Fi(q 2 ) require a much larger amount of com- 
putations. Note that the official distribution of CHEVIE contains only a partial 
character table of these groups. In this case, our computations are based on the 
character table kindly provided by F. Himstedt (constructed for [15]). This table 
is available in CHEVIE format and so we may apply the same argument as in the 
previous cases. 

Let G — 2 F 4 ((j 2 ), with q 2 = 2 2m+1 and m > 0. According to CHEVIE and [15], 
Irr G is partitioned into 51 sets, as listed in Table lTT.lU A. The S l yZ p -decompositions 
of Table HT.l II - B allow us to work only with the characters Xh f° r h € {1, 2, 3, 4, 5, 6, 
7, 8, 9, 10, 11, 12, 13, 14, 15, 16, 17, 18, 19, 20, 29, 30, 38, 40, 41, 42, 43, 44, 46, 47, 48, 51}. 
Note that X38, X40j X4i and X5i are the only regular characters \h with h in this set. 
Let ip be a reducible Sy^-vanishing character of G of degree \G\ P whose constituents 
Xh are with h in the above set. 

If (X5ij"0) > 0> we obtain two Sy^-vanishing characters of G of degree \G\ p : 

Ipl = X2 + X4 + X10 + X11 + Xl3 + Xl7 + X20 + X46 +X47 + X47 + X48 + X51J 
02 = X3+X4+X10+X12+X14 + X17 + X19+X46+X47 + X48+X48+X51- 

If X38j X40 or X4i is a constituent of ip we get a contradiction. 

Now, applying the SyZp-decompositions of Table lll.lH -B to the characters ipi, -02, 
we determine all SyZp-vanishing characters of G of degree \G\ P (see Table [TT.l II - C). 

Lemma 7.12. The group G = 2 F^(q 2 ) has no reducible p '-vanishing character of 
degree \G\ p . 

Proof. Suppose the contrary. According with Tabic [TT.l 11 C. there are four cases. 

(1) Take ipt = X2 + X4 + X10 + X11 + Xi3 + Xi7 + X20 + X4e(^4e) + X47(&47) 
+ X47(^47) + X4s(fc4s) + X5i(^5i; ^51 )■ Comparing the values at the classes 
C42 (a) and C43 (a) (a = 1 , . . . , 4) we obtain 

Re{{i P , 8 ) {aqk " V2)/2 ) + Re{{tp' 8 ) {aki7{qV2+2)/2) ) + Re((ip / s ) {aqk '^ V2)/2 )+ 

i?e((^)( afc «('?^ 2+2 )/ 2 )) = 2 + Re{{ip' 8 )( aqkisV * )/2 ) + Re((v' 8 ) (akia(qV * +2)/2) ). 

This implies that either i?e((<^)(« fc47V2 )/ 2 ) = 1 or Re{{ip' s ) (k ' i ^ qV2+2 '>/ 2 '>) = 
1. In both the cases, we obtain that q 2 + gy2 + 1 divides £47, which is a 
contradiction. 

(2) Take ip2- Here, we get a contradiction similar to that obtained for ipi. 

(3) Take 03 = X2 + X4 + XlO + Xll + Xl3 + Xl7 + X20 + X47(&47) + X49(&49, ^49)- 

Comparing the values at the classes 642(1) and 6*43(1) we obtain 

Re((^) (qk "^ )/2 ) +i?e((^) (fe47(9 ^ +2)/2) ) = 2. 

This implies Re(((p' 8 ) (qk ' 17 ^/ 2 ) = 1, and hence q 2 + qV% + 1 divides £47, 
which is a contradiction. 

(4) Take 04. Here, we get a contradiction similar to that obtained for ^3. 

□ 

Observe that the group G — 2 i 7 4(2)' has no reducible Sy^-vanishing characters 
of degree |GJ2- On the other hand, it has four reducible Sy^-vanishing characters 
of degree 2|G|2- In the notation of [4]: 

(1) 0! = 2 X 2i; 

(2) <j> 2 = 2 X22 ; 
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(3) fa =X21 +X22; 

(4) (j>4 = X2 + X3 + Xi + X5 + 2X6 + XlO + Xll + Xl6 + X17 + X20- 

The three characters <pi,(p2,<f>3 are 2- vanishing, whereas the character </>4 is not. 
This can be easily proved by using the character table of G. 

8. The trivial constituent of a p-vanishing character 

Our next target is to prove that 1q occurs as a constituent of every reducible 
p- vanishing character of degree |G?| P , if G admits such characters. This turns out 
to be a rather non-trivial task. We observe that for some groups there is a stronger 
version of this result, see [58 , Proposition 6.2 and Remark following it: 

Proposition 8.1. Let G = SL(n, q), n>2, or G = E^q), i = 6,7, 8. Let x^ St 
be a Sylp-vanishing character of G of degree \G\ p . Then (%, 1q) = 1. 

Note that the above statement is not valid for symplectic and unitary groups, as 
we already seen. 

The groups of rank 2 have been analyzed in the previous section. We summarize 
the results about these groups in the following 

Proposition 8.2. Let G be a Chevalley group of BN-pair rank 1 — 2. Let x^ St 
be a p-vanishing character of G of degree \G\ P . Then (%, la) = 1 and either G — 
SL(3,q) orG = Sp(4,q) with7\(q + l). 

Proof. See Lemmas 1731 17^1 PTTl FTSl 17^17101 17111 and 17151 □ 

In order to deal with groups with BN-pair rank £ > 2, we begin with some 
technical results. 

Proposition 8.3. Let x be a character of G . SetX=(x L )\oj and X' = (xl k )\g k 
with J U K = h. 

(1) Suppose that A = Sta, and (X't k , ^t k )t k > 0. Then Xl, = St^,. 

(2) Suppose that xt — It and that (A, 1gj)gj > 0. Then (xl 7 j ^Lj)l., = 1- 

(3) Suppose that (X,1gj)gj > an d (X',1gk)gk > 0. ^ n addition, suppose 
thatxr * s an irreducible character (this holds if ' x * s a Syl p -vanishing char- 
acter of degree \G\ P ). Then, 1^, (resp. 1l k ) is a constituent ofx L] (resp. 
Xl k ) andx T = It- 

Proof. (1) Note that Itj coincides with the truncation of Stc,, to Tj. By Lemma 
I6.7f l). Xt i s a linear character (as so is f3j), and then X't k lSi a linear character. 
So (xt)Itk — 1t K ; again by Lemma |6~T1 Therefore, Xt = It by Lemma \6. 61 

Since A = Stcj, the character x_l, 1S irreducible of degree \Lj\ p = \Gj\ p , and 
by Lemma 16.41 this character is StLj- 

(2) By Frobenius reciprocity, (A,1 G/ ) G/ = (Xlj^ 1 Gj)lj > 0. Since Lj/Gj is 
abelian, this implies that x Lj has an irreducible constituent /x, say, such that /i(g) = 
1 for all g G Gj. We show that actually /U = 1l, 7 . Indeed, the character Xt = It 
contains the character ~p, T , and, obviously, ~p T = h\t- Therefore, ~p T = /j,\t = It- 

As Lj — GjT, it follows that /1 = 1l. 7 - Furthermore, since Xt = It, we have 
{Xl,^l.,)lj = 1. 
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(3) First note that if x is a Sy I p -vamshing character of degree \G\ P , then (Xt)(1) = 
(x\u, 1(7 ) — 1- Now, since l Gj is a constituent of A, it follows that lunLj is a con- 
stituent of \\unLj- This implies that 1t, 7 is a constituent of Xtj- By Lemma 
16.71 A^ 7 coincides with the linear character (Xt)Itj- So Xt, = Itj an d, similarly, 
Xt k — 1t k - By Lemma [6. 61 \t = It- Now the result follows from the previous 
item. □ 

Remark 8.4. It follows from (1) that if A = St G j and A' = Sto K then Xlj = ^ij- 

Corollary 8.5. Let G be a group of BN-pair rank £ > 2, and let J,K be distinct 
subsets of le such that J U K = I# and J C\ K ^ 0. Let x be a Syl p -vanishing 
character of G and set X = (XLj)\oj an d X' = (x.l k )\g k - U X = Stc, then 
(A',1 Gk ) = 0. 

Proof. Assume (A', \ Gk ) > 0. By PropositionElIl), x Lj = St L] . Hence, X LjnK = 
StL JnK and Xt = It- Now, by Proposition 18.31 ^2') we obtain (xl K ' ^ l k) = 1 an d 
so y, contains a linear character, a contradiction. □ 

We may prove now the following 

Theorem 8.6. Let G be a Chevalley group and x be a p-vanishing character of G 
of degree \G\ p . Then either x = St or (x, 1g) = 1- 

Proof. We prove this theorem by induction on the BN-pair rank I of G. We al- 
ready proved that this theorem is true for I — 1 (Proposition 16. 5p and for £ = 2 
fProposition l8.2l) . Assume £ > 2. Take two subsets J, K of It such that It = JUK, 
J n K =^0 and \K\ =2. 

Set A = {xlj)\gj and A' = (xl k )\g k - Hence, by the induction hypothesis, we 
have three possibilities: 

(a) A = Stoj and A' = Sta K ; 

(b) either A = St Gj and (A', 1 Gk ) = 1 or (A, 1 G; ) = 1 and A' = Stc K \ 

(c) (A,l Gj ) = land(A / ,l Gjf ) = l. 

If (a) holds then x = St by Propositions 16 . 1 51 and [531 1 ) . Case (b) is excluded 
by Corollary EH If (c) h olds, t hen (x Lj ,1l. ; ) = (x Lk Al k ) = 1 b Y Proposition 
I8.3f 3). Hence, Proposition 16. 151 implies (x, 1 G ) = 1- O 

9. Some Chevalley groups of higher rank 

The results of the previous sections are insufficient to start induction. To set 
up the basis of induction, we additionally need to perform computational work for 
H G {GL(n, q), n = 4, 5, 6, CSp(6, q)} in spirit of that done for groups of rank 2. 
Our computations heavily use material available in the CHEVIE package. Observe 
that CHEVIE does not provide information for groups H = Spin(n,q), n = 7,9, 11 
and H = Spin + (n, q), n = 8, 10, so for these groups p-vanishing characters of degree 
\H\ p remain unknown. 

9.1. Groups H = GL(A,q). Let ip be a reducible Sy/p-vanishing character of de- 
gree |-ff| p . According to CHEVIE, we partition Irr H into 23 sets, see Table [TT. 121 A. 
The Sy/p-decompositions of Table I11.12H 3 allow us to work only with the char- 
acters Xh, where h £ {3,4,5,14,18,22,23}. Note that Y22 and X23 are the only 
regular characters in this set. By Lemma 13.11 exactly one of these two characters 
is a constituent of ip. 
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(1) Suppose that X22 is a constituent of tp. Then, by degree reasons, the other 
constituents of tp must belong to the set {xh | h = 4, 5, 14}. Looking at the 
class C§(q — 1) we easily obtain a contradiction. 

(2) Suppose that X23 is a constituent of tp. Then the other constituents of 
tp must belong to the set {xh | h = 3,4,5,14,18}. Looking at the class 
C^(q-l), the character xis must be a constituent of tp. Now, the character 
values on the class 62(9 — 1) imply that xi4 is another constituent of tp. 
So, we obtain a unique SyZp-vanishing character of degree \H\ p : tpx — 

X5 +X14 + X18 + X23- 

Now, applying the Sy^-decompositions of Table ITLT2T B to the character ip%, we 
get all Sylp- vanishing characters of H of degree \H\ P (see Table ITl~T2"l -C). 

Lemma 9.1. Let H = GL(4, q). Then H admits reducible p-vanishing characters tp 
of degree \H\ p if and only if 3 \ (q+1). In this case H admits exactly (q— l)(q 2 — <5)/4 
characters ip with 5 — ~ ~ , where 

V> = Xs(fc) • (Iff + Xu(a) + Xis(0, a) + X 2 3 ((q 2 ~ 1)6)), 
Xs(fc) is a linear character of H , a = (q + l)/3 and b € Z g 2 +1 \ {0}. 

Proof. Up to linear characters of H we have the following possibilities for tp: 

(1) -01 = Iff +Xu(hi,l) +Xl8(fel8,l,fel8,2) +X23(fc23,i), with (q - 1) dividing 
2^14,1, (2fci 8 4 + fci8 !2 ) and fc 2 3,i (so ^23,1 = (g — 1)^23. i)- O n the classes 
CV(«i,i2) we obtain £J l2 ~ n ^ ' ls ' 1 — i ; i. e . fc 181 = and fcis,2 = (q — l)fcis,2- 

Now, on the classes Ci2(«i, J2) we have Q* 1 * 2 14,1 = 1, so feu,! = (q — 
l)k' 14 1 . On the classes 6*14(^1) we have 

1 + Reit? lfckl ) = 7?e(f lfe H + iMCi^ 3 ' 1 ), 
and on the classes Ci%(ii, 12) we have 

i?e(e i 2fe ' 14,1 ) = Re(£ 2k ' 18 ' 2 ). 



This holds if and only if 3 divides g + 1,^' 14 ' 1 ,^ 18 ' 2 € {w,w 2 } and(g + l) 



ft 23,l- 



(2) V2 = Iff + Xi3(fci3,i) + Xi8(fci8,i: fci8,2)- On the class Cu(q - 1) we obtain 



i?e(^ 1 ls ' 2 ) = 1, i.e. (q + 1) \ kis.2, a contradiction. 



D 



9.2. Groups H = GL(5,q). As in CHEVIE, we partition Irr H into 43 sets, see 
Table I11.131 A. The Sy^-decompositions of Table I11.131 B allow us to work only 
with the characters Xh, where h £ {5, 6, 7, 23, 24, 30, 36, 41, 42, 43}. Note that X4i, 
X42 and X43 are the only regular characters of this set. Let tp be a reducible Syl p - 
vanishing character of H of degree \H\ p . 

(1) Let X41 be a constituent of tp. By degree reasons, the other constituents of 
tp must belong to the set {xh \ h = 5, 6, 7, 24, 30, 36}. Looking at the class 
C% (q — 1), we observe that tp must have at least q — 1 constituents of type 
X24, iu contradiction with Lemma 13.101 

(2) Let X42 be a constituent of tp. Then the other constituents of tp must belong 
to the set {xh \ h = 5, 6, 7, 24, 30}. Using the class C$(q — 1), we conclude 
that X24 must be a constituent of tp. Now, using the class C^(q — 1), with 
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these constituents we obtain a unique Syl p - vanishing character of degree 

\H\ P : Ipl = X7 + X24 + X30 + X42- 

(3) Let X43 be a constituent oiijj. Then the other constituents of -0 must belong 
to the set {xh \ h = 5, 6, 7, 24, 30, 36}. Looking at the classes C±{q — 1) and 
C-[(q — 1), we observe that both X24 and X30 must be constituents of rp. 
However, using C?(q — 1), it follows that ip must admit another constituent 
of type %24, which contradicts Lemma 13.101 
Now, applying the SyZp-decompositions of Table [TT.13I B to the character ipi, we 
get all iSy^-vanishing characters of H of degree \H\ P (see Table [TTTT5J-C). 

Lemma 9.2. Let H = GL(5,q). Then H admits reducible p-vanishing characters 
ip of degree \H\ p if and only if 3 | (q + 1). In this case, there are at most q 2 (q — l)/2 
characters 

1> = Xr(k) ■ (l H + X 24 (0, a) + X30 (a, 0) + X42 ((q 2 - 1)6, 0)), 
where %7(fc) is a linear character of H , a — (q + l)/3 and b £ Z 9 2 +1 \ {0}. 
Proof. Modulo linear characters of H we have the following possibilities: 

(1) i>\ = If/+X24(fc24,l,fc24,2)+X30(&30,l ) fc 30,2)+X42(fc42,l> fc 42,2), where q- 1 

must divide 3^24,1 + &24,2, 2/030,1 + £30, 2 and £41,1 + £42, 2- On the classes 
C36(«i,*2) we have Ci* 2 %1 24,1 = 1. So ka,i — and £24,2 = (q— 1)&24,2- 
Now, on the classes C\z{ii,i2) we have Q l2 ~ n > 30 - 1 — i j [ c ^ fc 3Q1 = (q — 
l)fc 30 1 and ^30,2 — 0- Next, on Cg(«i,«2) we have Q 12 42,2 = 1, i.e. 
^42, 2 = and fc42.i = (q — 1)^42.1- On the classes C23 (11,22) we have 

i?e(^ 24,2 ) = i?e(^ 301 ). Finally, consider the classes 630(11, 32) where 
we have 

1 + Re(£ lk ' 30 - 1 ) = Re{C k ' 30A ) + Re^ 2 ' 1 ). 

This means that (q + 1) | fc 42 1 and Ci 3 "' 1 — w . Thus, 3 must divide q+1. 

(2) ^ 2 = Ii?+X24(fc24,i,fc24,2)+X29(fc29, 1,^29,2)- On the class C 30 (g- 1, q-1) we 
obtain i?e(^ 1 24,2 ) = 1, which implies that q+1 divides fc24.2, a contradiction. 

□ 

9.3. Groups H = GL(6,q). Let ip be a reducible SyZp-vanishing character of if 
of degree \H\ P . We partition In H into 112 sets Xfc, see Table 111 141 A. The Syl p - 
decompositions of Table I11.141 B allow us to work only with the characters %h for 
h <= {6, 7, 9, 10, 11, 39, 40, 48, 49, 50, 68, 70, 78, 79, 99, 107, 110, 111, 112}. Note that 
X107, XiiOj Xm and X112 are the only regular characters in this set. 

Now, we determine the SyZp-vanishing characters of H with these constituents: 

(1) Suppose that X i07 is a constituent of ip. By degree reasons, the other 
constituents of ip must belong to the set {xh I h — 7,9,10,11,40,50}. 
Then, using the class C 3 (q— 1) we get a contradiction. 

(2) Suppose that Xno is a constituent of ip. Then, by degree reasons, the other 
constituents of ip must belong to the set {\h | h = 6, 7, 9, 10, 11, 39, 40, 48, 49, 
50,68,70, 79,99}. Then, using the class Cs(q — 1), we conclude that 
some constituent of ip must be of type X99- With some computations, 
we observe that the only possibility remained is the SyZp-character ipi = 

Xll + X40 + X50 + X68 + X 99 + XllO- 
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(3) Suppose that xm is a constituent of ip. By degree reasons, the other 
constituents of ip must belong to the set {xh \ h — 6, 7, 9, 10, 11, 39, 40, 48, 
49, 50, 68, 70, 79}. Using the class Cn(q — 1), we see that either X40 or X50 
must be a constituent of ip. In both the cases, we obtain a contradiction. 

(4) Suppose that X112 is a constituent of ip. Then, by degree reasons, the other 
constituents of ip must belong to the set {xh | h = 6,7,9, 10, 11, 39, 40, 48, 49, 
50, 68, 70, 79, 99}. Using the class C$(q — 1), we observe that X39 must be a 
constituent of ip. With some computations we again obtain a contradiction. 

Now, applying the SyZp-decompositions of Table I11.14I B to the character ip\ , 
we obtain the list of all Syl p -va.mshmg characters of H of degree \H\ p (see Table 

unic). 

Lemma 9.3. Let H = GL(6,q). Then, both H and G = H' have no reducible 
p-vanishing character of degree \H\ p . 

Proof. Suppose the contrary. Modulo linear characters of H, we have to inspect 
the following cases. 

(!) i>l = l H + X4o(&40,l) +X50(>50, 1,^50, 2) +X68(^68, 1,^68,2) + X9g(&99, 1)^99, 2) 4 

+ Xiio(&iio,i' ^110,2)- On the classes C 40 ((g - l)?i) (i[ = 1,2) we have 

l+i?e(£f lfe68 ' 2 )+i?e(£p 110 '^ 

Re{£ l ' lki0 - 1 ) + Re(£ kl " > - 2 ) + 

+ Re{^ lk "- 2 ). Next, on the classes C 3 9((q ~ l)i[) (i'i = 1,2) we get 

1 + Re^ [k68 - 2 ) = Re(£ klAO ) + Re(l;f kao - 2 ). This implies that q+1 divides 

either £40,1 or ^50, 2- In both the cases, we have a contradiction. 

(2) 1p 2 = Iff +X4o(fc40,l)+X5o(fc50,l: fc 50,2)+X67(fc67,l> fc 67,2)+Xllo(fcllO, l,fcll0,2)- 

On the classes C4o((<7 — l)*i) (*i = 1, 2) we have 

Re(tf kmA )+Re(zf lki0A )+Re(tt k50 - 2 ) = l+Re(tt {kll " A+ ^ 

Furthermore, on the classes C3g( ((7—1)1^) (i[ — l,2)wegetl+Re(^ 1 l1 671 ) = 

Re^ 10 ' 1 ) + i?e(£i' lfc5 °' 2 ). This implies that q + 1 divides either fc 40 ,i or 
^50, 2- In both the cases, we have a contradiction. 

(3) 1p 3 = Iff +X38(fc38,l) +X50(&50,1) £50,2) +X68(&68,1, ^68,2) + X99( fc 99,1^99,2)- 

On the class C 49 (<7 - l,q- 1) we have Re(£, kso ' 2 ) = Re(^ 68 - 2 ). On the 
classes C 40 ((q - l)i' 2 ) (i' 2 = 1,2) we have 1 + i?e(£p 99 ' 2 ) = i?e(£p 50 ' 2 ) + 
Reif/ 2 ^ 2 ), which implies Re(^ 2 ) = 1 and i?e(£f 99 ' 2 ) = Re(^ 50 ' 2 ). On 
the classes C 39 ((q - l)i[) (i' 2 = 1,2) we have (q 2 + 1)(1 + Reffi 1 ** 1 ') = 



(q 2 + l)Re(g k50 ' 2 ) + q 2 Re{e i lK3S ' 1 ) + Re^"' 1 ). 

So {q 2 +2)Re(tt k50 - 2 )+q 2 Re(£ k3a - 1 ) = 2{q 2 +l) which implies Re^ 1 ) = 
1, i.e. (q + 1) | ^38,1, a contradiction. 

(4) 1p 4 = Iff +X40(fe40,l) +X50(fe50,l, ^50,2) +X68(fe68,l, ^68,2) + X98(&98,1, &98,2). 

On the classes Cg$(q — l,q — 1) we have i?e(^ 1 40 ' 1 ) = i?e(^ 1 68,2 ), and on 
the classes C i9 (q -l,(q- l)i' 2 ) (i' 2 = 1, 2) we have q - 1 + i?e(£p 50 ' 2 ) = 
(q-l)Re(^ k40A ) + Re(^ k<i8 - 2 ). Hence, q- 1 + Re(^ k50 - 2 ) = qRe(^ kmA ), 
which implies _Re(^ 1 40 ' 1 ) = 1, i.e. (q + 1) | fc4o,i, a contradiction. 
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(5) ^5 = 1h + X38(k 3 s,i) + X5o(ho, 1,^50,2) + X67(fc67,i,fc67,2)- On the class 
C4o(q — 1) we have i?e(^ 1 50,2 ) = 1, i.e. (q + 1) | k 50 ,2- However, this 
contradicts the conditions on the parameters. 

Since all the conjugacy classes that we have considered belong to G = H' , if 
follows from Proposition 16.21 that G also has no p- vanishing character of degree 

\G\ P . D 

9.4. Groups H = CSp(6,q) with q odd. Let ip be a reducible Sy/p-vanishing 
character of degree \H\ p . According to CHEVIE, we partition IxrH into 100 sets, 
see Table I11.151 A. The SyZ p -decompositions of Table I11.151 B allow us to work 
only with the characters Xh, where h £ {1, 4, 5, 7, 10, 11, 18, 45, 50, 51, 65, 71, 97, 98}. 
Note that the only regular characters belonging to this set are X97 and X98- 

(1) Let X97 be a constituent of ip. Then, by degree reasons, the other con- 
stituents of ip must belong to the set {xh \ h = 1,4,5,18,50,71}. Using 
the class Cio(q —l),ip must have at least one constituent of type xis- This 
easily leads to a contradiction. 

(2) Let X98 be a constituent of ip. Then, using the class C$(q — 1), we observe 
that another constituent of ip must be either of type X45j or X50, or X5i- 
We get, with some efforts, the following Syl p - vanishing characters: 

Ipl = Xl +X5 +Xll +Xl8 +X45 +X45 +X45 + X50 + X51 +X65 +X71 +X98, 

^2 = Xl +Xll +Xll +X18 + X45 +X45 + X45 + X45 +X50 + X65 +X71 +X98, 

V^3 = Xl +X5 + X5 + X18 + X45 + X45 + X50 + X51 +X51 +X65 +X71 +X98, 

1p4 = X5 +X10 + X11 +X11 +X18 + X45 + X45 + X45 +X50 +X71 +X98, 

^5 = X5 + X5 + X10 + X11 +X18 +X45 +X45 + X50 + X51 +X71 +X98, 

1p6 = X5 +X5 + X5 + X10 + X18 + X45 + X50 + X51 +X51 +X71 +X98- 

Now, applying the SyZp-decompositions of Table I11.15H 3 to the characters ipj for 
j = 1, . . . , 6, we obtain the list of all Sy I p -va,mshing characters of H of degree \H\ p 
(see Table HrHC). 

Lemma 9.4. Let H = CSp(6,q), q odd. Then both H and G = H' have no 
reducible p -vanishing character of degree \H\ p . 

Proof. Suppose the contrary. We consider the characters ipj described in Table 
I11.15I -C. By Lemma [7.91 a reducible p- vanishing character ip of G of degree \G\ P 
must satisfy (iP Pj )\gj = 1(3 + X4,(a, b) + Xs{c) +Xw(d), where Gj = Sp(A,q). So it 
suffices to consider only the following cases: 

(1) Take ipj with j £ {55, 56}. We obtain a contradiction with the value at the 
class C26(l,0). 

(2) Take ipj with j £ {58, 59, 61, 62, 63, 64, 65, 66, 67, 70, 71, 74, 75}. We obtain 
a contradiction with the values at the class 625(1,0). 

(3) Take ip sx . Using the class C 7 o(l,g-l) we have i?e(^ 85 ' 1 ) = Re^ 65 ' 1 ) and 
using the class 672(21,1,(7 — 1) we have i?e(^ 1 85,2 ) = i?e(^ 1 " 41 ' 1 ). On the 



classes C 7i (i 1 ,i 2 ,q - 1) we have Re{^ 87 - 1+ * 87 ' 2>n ) + i?e(£i ~ ' *' ) = 
i?e(^' £65 ' lil )+i?e(C 1 fe41 ' lll )foralH 1 = I,. ..,2-1. Using the classes C 68 (h,i 2 , 
q-l)we have Re^ 87 ' 1 ) + Re(£ lka7 - 2 ) = Re(^ lk<i5A ) + Re^ 41 ' 1 ) for all 
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i\ = 1, . . . , ^2~ . Using the classes Css{ii, Q — 1) and the previous informa- 
tion, we obtain 



Re(d 



(fe98,l+ fc 9S,2 + fc9S,3)il 



Re(Ci 



(kga,l— k gSi 2+kgs,3)il^ 



+Re(Ci 

D /t(2fc85,l+ fe 85,2)il 



(^98,1— kga,2 — ks8,3)il - 



R<Ci 



Re(Ci 

(2ks5,i-ka5,2)ii\ 



(fe98,l+fe98,2— kg8,3)il 



Re(Ci 



£51,1*1 \ 



Rei^ 211 ) 



for all i\ = l,..., 2 -^-. Using the classes C^{i\,q — 1) and the previ- 
ous information, we obtain 1 + Re{^\ 

) for all ii = 1,...,2=1. This 



(2fc 85j i+fe 8 5 j2 )ii- 



7) /v2&65,l*l\ , o //-^41,1«1\ , o /^3/C51 1«1 

ite(£i ) + i?e(^ ) + Refa 



J3 p (p^ 2k ^, l~ fe 85, 2)»1 \ 



r 2A- os 



*/C41 



^3/£51 



implies that either ^ b51 = 1, or ^ 411 = 1, or £i ' = 1. In the 
first two cases, we get a contradiction with the conditions on the param- 



eters ^65,1 and feu,!. So £j 51,1 = 1, i.e. ^ 51 



,±i 



Furthermore, 



i?e ^(2fc 85 ,l+fc85,2) l l ) + ite ^(2fc85,l-fc85,2)ilJ = ^ta.lU) + Jfe(f fcl.lil ). 

First observe that 

' i?e(^ 86 ' 1 ) = J Re(e i fe65 ' 1 ) 

i?e(4 fc85 ' 2 ) = i?e(Ci 41 ' 1 ) 



fle(£ 



2^85,1+^85,2 



) + i?e(Cr 5 



2^85,1— ^85,2 \ o /v-2fc65,l\ , 7-) //-&41,1\ 



,, />4/£85,l+2fcs5,2\ . r, ( >4fc85,l — 2/£85,2 \ D /.*4fc65,l\ . D />2/«41 

Setting A = Re^ 85 ' 1 ) and B = i?e(^ 85 ' 2 ), we obtain 



2{2A 2 - 1)5 = (2A 2 - 1) + B 

2(8A 4 - 8A 2 + 1)(2B 2 - 1) = (8,4 4 - 8,4 2 + 1) + (2B 2 - 1) ' 

Solving this system and remembering that A ^ ±1, we obtain that either 

l±y/E 



or 



(o) A = 



(6) A 



4 ' 
-l±v/5 



B = -A, 



B = A. 



Now, consider the following equations: 

' Reiti 87 ' 1 ) + Re(£ 87 - 2 ) = Re(^- 1 ) + Re{£"^) 
Re(£ 



fc 8 7,l+fc 8 7^ , ^(^7,1-^7,2-, = Jfc^W) + # e (^«.l ) . 



,2/V s 



,2/,'s 



*2fc fi 



,.2A-., 



[ i?e(er 87 ' i )+i?e(^r 87,2 ) = ^e(^r 66,i )+^e(er 41 ' 1 ) 

Setting X = Re^ 87 ' 1 ) and Y = Re(^ 87 - 2 ), wc obtain in case (a) 

2XY = -1/2 
X + Y = 

x 2 + r 2 = 2,4 2 

So y = -X, X 2 = \ and i = 2(±±^) 2 , an absurd. In case (b) we get 

2XY = -1/2 
X + Y = 2A 
X 2 + Y 2 = 2A 2 



This implies A 2 = —1/4, again an absurd. 
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(4) Take 082- Using the classes 670(1, q — 1) and 672(^1, <? + l,q— 1), we have 
Reiti 85 - 1 ) = Reiti 65 - 1 ) and Re(^ 85 ' 2 ) = i?e(^ 411 ). Now, considering also 
the class C 32 (q,q- 1), we obtain Re^ 85 ' 1 ) + Re(^ 85 ' 2 ) + Re^ 51 ' 1 ) = 
1 + i?e(^ 651 ) + i?e(^ 411 ), whence i?e(^ 511 ) = 1, a contradiction. 

(5) Take 83 . Using the class C* 70 (l, q- 1) we have -Re^f 86 ' 1 ) = i?e(^ 651 ), and 
looking at the class 672(0, l,g— 1) we have i?e(^ 1 86,2 ) = i?e(^ 1 41 ' 1 ). Using 
the classes 6 74 (ii, i 2 , g-1) we have .Re^f 87 ' 1 ^ 87 ^' 1 )-kRe(£f 87a ^ 87 ' 2)l1 ) = 
i?e(^ fe65in ) +i?e(^ 41 ' 141 ) for all i x = 1,2,3. Using the classes C 37 (i u q- 
1) and the previous information, we obtain q + qRe(^[ 86,1 86 - 2 ' 11 ^ 4- 

(2q-l)i?e(£i 51 ' in ) for alHi = 1, . . . , 2fi. This implies that either g^ 5 ' 1 = 
1, or ^j 51 ' 1 = 1, or ^ 511 = 1. In the first two cases we get a contradiction 
with the conditions on parameters. So £i 511 = 1, i.e. £i 51,1 = w* 1 and 
Reiti 51 - 1 ) = -|- Furthermore, fle^* 41 ' 1 ) = i?e(^ 511 ) and 

(9.1) tfe^f 86 ' 1 ^ 86 ' 2 ) + Re{^ k86 ^ k8B ' 2 ) = ite^f 65 ' 1 ) + i?e(£i fc41,1 )- 

Using the classes 6 32 (0,g - 1) we have i?e(£ 1 1 ' £87 ' 1 ) + Re{£\ lkii7 ' 2 ) = 
i?e(^ lfc86 ' 1 ) +i?e(C 1 lfc65 ' 1 ) = 2i?e(^ lfc65 ' 1 ), for all = 1,...,^. This 
implies i?e(^' 87 ' 4 ) = i?e(£ fc872 ) = i?e(^ 651 ). Using the classes C 6S {h,j,q- 
1) we have Re^ 87 ' 2 ) = ^e^ 41 ' 1 ). Therefore, tfe^ 86 ' 1 ) = i?e(^ 86 ' 2 ) = 
i?e(^ 651 ) +i?e(Cf 411 ) = Re{ti 1A ) = -\- Now, equation flUD becomes 

i?e(£ 2fcs6 < 1+fesi3 < 2 ) + i?e(£ 2fc86 ' 1_fes6 < 2 ) = -1, 

which has no solution with our values of the parameters. 

(6) Take 084,085- Using the classes 6*74(1, «2,0), we have £41,1 = q + 1, a 
contradiction. 

(7) Take 086,087- Using the classes 6*72(11, 1,0), we have fenj = q + 1, a 
contradiction. 

(8) Take 092,093- Using the class C7o(l,0), we have ^65,1 = 5 + 1, a contra- 
diction. 

(9) Take -096, -097- Using the classes Cas{ii,q, 0), we have ^5,1 = <? + 1, a 
contradiction. 

(10) Take 078- Using the classes 670(9, 0) and 672(11, 0, 0) we obtain i?e(^ 1 41,1 ) = 
i?e(^ 501 ) =J R e (^ 651 ). Using the classes C 68 (ii,q,0) we obtain i?e(^' 871 ) = 
i?e(^ 1 87 ' 2 ), a contradiction. 

(11) Take 079. Proceed as for 078. 

(12) Take 0sg. Using the classes 637(11,0) and 674(11,^2,0) (0 — 0,1), we 
obtain 1 + i?e(£i 52,1 ) = i?e(^ 411 ) + Re(g k<i5A ). So either q + 1 divides fc 4 i,i 
or (q + l)/2 divides ^5,1 . In both the cases, we have a contradiction. 

Since all the conjugacy classes that we have considered belong to H' , it follows from 
Proposition 16.21 that also 6 = H' has no p-vanishing character of degree \G\ p . □ 
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10. JJ-VANISHING CHARACTERS IN HIGH RANK GROUPS 

We can now prove that a Chevalley group of rank £ > 6 has no p-vanishing 
character of degree \G\ P . 

Theorem 10.1. Let G be a Chevalley group, and \ be a p- vanishing character of 
G of degree \G\ p . Then x — St in each of the following cases: 

(1) SL(n,q) with n > 6; 

(2) SU(n, q) with n > 4; 

(3) Sp(2m, q) with either m > 3 if 7 | (q + 1) or m > 2 otherwise; 

(4) Spin(2m + 1, q), q odd, with m > 6; 

(5) Spin + (2m,q) with to > 6; 

(6) Spin~ (2m, q) with m > 3; 

(7) E 6 (q), E 7 (q), E s (q); 

(8) 2 E 6 (q); 

(9) F A (q); 

(10) Spin(2m + 1, q), q odd, with either (q + 1, 7) = 1 and to = 3, 4, 5 or {q + 
1, 3) = 1 and m — 4,5. 

(11) Spin + (2m, q) with m = 4, 5 and (q + 1, 3) = 1. 

Proof. We proceed by induction on the BN-pair rank £ of the group. Let \ be a p- 
vanishing character of G of degree \G\ p . Take two subsets J, K of Ii with i^ = JUK 
and J n if ^ 0, such that |A'| = 2. By Theorem [SH either x = St or (x, 1g) = 1. 
In the latter case, (xl, 1l) = 1 for every Levi subgroup L of G. So, we obtain 
the statement if we are able to find J such that Gj has no reducible p- vanishing 
characters of degree |Gj| P - 

(1) Let G = SL(n, q) with n > 7. Then we can take J, K as described above, 
such that Gj = SL(n — 1, q) and Gk — SL(3, q). 

(2) Let G = SU(n,q) with n > 6. In this case, we can take J,K such that 
Gj = SU(n - 2, q) and Gk = SL(3, q) 

(3) Let G = Sp(2m, q), with either m > 4 if 7 divides q + 1 or to > 3, otherwise. 
In this case, we can take J,K such that Gj — Sp(2m — 2,q) and Gk — 
SL(3,q). 

(4) Let G = Spin(2rn + l,q) with m > 6. In this case, we can take J, if such 
that Gj = SL(m,q) and Gk — Sp(4,q). So the result follows from item 

(5) Let G = Spin + (2m,q) with to > 6. In this case, we can take J,K such 
that Gj = SL{m,q) and Gk — SL(3,q). So the result follows from item 

(6) If G = Spin- (6, q), then G =* SU(4,q) and so x = Si by LemmaEU So, 
assume that G = Spin~(2m, q) with m > 3. Thus, we can take J, K such 
that Gj S Spin- (2m - 2,q) and G K = SL(3,q) 

(7) Let G = E n (q) with n = 6,7,8. In this case we can take J, if such that 
Gj = SL(n, q) and G^ = 5*L(3, g). So, the result follows from item (1). 

(8) Let G = 2 EQ(q). In this case we can take J,K such that Gj = SU(6,q) 
<mdG K = SL(3,q). 
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(9) Let G = Fi(q). In this case we can take J, K such that Gj = Sp(6, q) and 
G K = n(5,q). 

(10) Let G = Spin(2m+1, q) and g odd. Assume first that (q+1, 7) = 1. In this 
case, for m = 3, 4, 5 we can take Gj = Spin(2m — 1, q) and Gk — 5'L(3, q). 
Now, suppose that (g +1,3) = 1. Hence, for m = 4, 5 we can take Gj = 
SL(m, q) and Gk — Sp(A, q). 

(11) Let G = Spin + (2m,q) with m — 4,5 and (q + 1,3) = 1. In this case we 
can take J,K such that Gj = SL(m,q) and Gk — SL(3,q). So the result 
follows from Lemmas 19.11 and 19.21 

□ 
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11. The TABLES 



The tables below contain information on the SyZp-vanishing characters and, when 
they exist, on the reducible p- vanishing characters of degree St(l). (This equals the 
order of a Sylow p-subgroup U of the group in question.) The tables are organized 
as follows. 

For every quasi-simple Chevalley group G and/or its version H with connected 
center we assign a subsection in which we provide some properties of the groups 
G, H and their characters, necessary for understanding our results about these 
groups tabulated in the same subsection. In some cases we have distinct subsections 
for the same group H , depending on whether q is odd or even, or congruent to 1 or 
— 1 modulo 3, etc. 

First we recall that CHEVIE partitions the conjugacy classes and irreducible char- 
acters of H in subsets which we denote here by Cft and Xft (h = 1,2, . . .). Note that 
the size of every class in C^ is the same. Similarly, the degrees of the characters 
in X/j are the same. (Sometimes the degrees of characters from distinct X/j may 
coincide.) We keep the notation of CHEVIE for irreducible characters and conjugacy 
classes. The symbol Xh(k) identifies the irreducible character of the set X^ associ- 
ated to the particular element k € Ih according to CHEVIE. We denote by Ih the 
set of parameters describing the individual elements of X^. If it is not necessary to 
specify the parameter k, we simply write Xh to indicate any element of the set X^. 
Similarly, an individual conjugacy class Ch(k) € C/, is the class which corresponds 
to the parameter k S Ih- 

The parameters k £ Ih labeling individual characters Xh{k) € X^ and classes 
Ch{k) G C/j are represented as elements of a direct product of cyclic groups, with 
some conditions (note that not necessarily to distinct parameters correspond dis- 
tinct characters). In the tables we indicate the group Ih belongs to in the columns 
headed Ih and the exact description of Ih is obtained by the exclusion of the ele- 
ments written in the columns headed 'exceptions'. 

In each subsection we usually give three or four tables headed as Table A, Table 
B, Table C and Table D (in some cases Table D is omitted). 

Tables A provides some information on the irreducible characters of H occurred 
in Tables B,C,D. Specifically, Tables A list the degrees of the members of the sets 
X/i, the range of h and we also describe the structure of the character parameter 
group Ih- In some degenerate case the set X^ consists of a single element, so no 
parameter needs to be assigned to the element of the corresponding set Ih- In 
this case the respective position in the table is marked by — , see for instance Table 
111. 21 2. A. In order to avoid misunderstanding with CHEVIE notation Xh(k), in Tables 
A we use degXh to indicate the degree of a character Xh- 

In Tables B, we report the S^ ^-decompositions that we have found and used in 
our computations, see Sections [51 [7] and M 

In Tables C we list all the Syl p - vanishing characters of degree \H\ p . The column 
headed by v lists, in more friendly notation, the Syl p -vamshmg characters i/j = 
y~] Xh, where Xh S X^ and the sum ranges over the indices from v. Say, if v = (1,4) 
then i/j = xi + X4- The column headed by j is simply the ordering numbers for v; 
we could write v^ to be more precise. 

Finally, in Tables D, when they exist, we provide the values of the p- vanishing 
characters i\) of degree \H\ V satisfying the condition (ip, Ih) = 1. Note that no 
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in 



information on the character values is lost because all the other p- vanishing char- 
acters can be obtained from these by multiplying them with linear characters of 
H . In addition, we explicitly write down only the values of ip at those conjugacy 
classes where ip differs from the Steinberg character. Unless otherwise stated, the 
conjugacy classes in Table D are parametrised by the same sets Ih that are used to 
parametrise the characters in Table A. 

To facilitate understanding the tables, as an illustration, in Section 111.11 for 
groups GL(2, q) and SL(2, q) we write additional comments about the table content. 

We use the following notation for some primitive complex roots of the unity: 



exp(^f ), £1 



exp(f^), 6 = exp(^l-), <ff % = exp(- 



exp(- 



'■+V2q+1 



and (f/[ 2 



-V3q- 



Ti- 



ll. 1. Groups H = GL(2,q). 

Table (jll.U A). CHEVIE sets X/j, their degrees and parameters for GL(2,q). 



h 


degXh 


h 


degXh 


1 

3 


1 
3 + 1 


2 
4 


q 

9-1 



h 


h 


exceptions 




1,2 

3 

4 


k 6 Z g _i 

(M)s^_i 


(q - 1) 1 (* " 
(q + 1) | k 


-I) 



These two tables provide the following information. The irreducible characters of 
the group GL(2, q) are partitioned into 4 sets X/j. The characters of the set Xi have 
degree degxi = 1 and are parametrised by the elements of the set I\ = 1> q -\. This 
means that Xi = {xi(0), . . . , Xi(l ~ 2)}- The characters of the set X 2 have degree 
q and are parametrised by the elements of 1% = 7L q -\. So, X2 = {xi{ u ) I u G Z 9 _i}. 
The characters of the set X3 have degree q + 1 and are parametrised by the elements 
of 73 = Jj q - 1 x Zq_ 1 . One more time, we put in evidence that different choices of the 
parameters (k, I) € I3 may identify the same irreducible character. Furthermore, 
the exceptions listed in the third column mean that the character X3(k, I) is not a 
member of X3 whenever (q — 1) | (k — I). It turns out that the set X3 contains 
(q— 2)(q— 1)/2 distinct characters. Finally, the characters of the set X4 have degree 
q — 1 and are parametrised by the elements of I4 — Z g 2_ 1 . In this case, Xi(k) does 
not belong to X4, whenever (q + 1) | k. (Observe that (q — 1) | (k — I) is equivalent 
to k = I, but we prefer to keep CHEVIE notation.) 

Table (|11.U B). Some S'yZp-decompositions of irreducible characters for GL(2,q). 



h 


V 


h 


V 


2 


(1.4) 


3 


(1,2) 



In this table we give the following information on the S l j/Z p -decompositions that 
we were able to find. The restriction to U of each character xi belonging to the set 
X2 can be written as the sum of two summands: the first one is the restriction of 
any character of the set Xi , the second one is the restriction of any character of the 
set X4. Briefly, using the notation of Section 01 Xi — Xi + Xi (mod U). Similarly, 
X3 = Xi +X2 (mod U). 

Table (jll.U C). Sy/p-vanishing characters of degree St(\) for GL(2,q). 



j 


V 


5 


V 


1 


(1,4) 


2 


(2) 



In this table we list all Sy^-characters ipj of H of degree \H\ P . For H = GL(2, q) 
they are of two types: ip\ = xi + Xi (i- e - the sum of two irreducible characters: the 



Mi 
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first one is any character belonging to the set Xi, the second one is any character 
belonging to the set X4); -02 — Xi (i- e - an Y character of the set X2). 

Table (jll.H -D). p- vanishing characters of degree St(l) and their values for GL(2, q). 
In view of Lemma 17.111 we have the character tp = \h + X4(fc), where k £ I4 and 
k = (q — l)k' . This character differs from St only on the following classes: 



C h 



C 4 (i) 



St 



V- 



1 - 2Re(C 1 k ) 



In the above table, we give the values of the reducible p-vanishing character ip 
and those of the Steinberg character St of H only at the conjugacy classes where 
these values differ. The notation for the conjugacy classes, which is similar to the 
notation for the irreducible characters, is taken according to CHEVIE. 

11.2. Groups 17(3, g) and SU(3,q). 

Table Q11.2U -A). CHEVIE sets X&, their degrees and parameters for 17(3, q). 



h 


degXh 


h 


degXh 


h 


degXh 


1 
4 
7 


1 

q 2 -q + 1 

(g + i)(<? 2 -<? + i) 


2 
5 
8 


q{q - 1) 
q(q 2 -q + 1) 

(q+l) 2 (q-l) 


3 
6 


q» 

(q - l)(q 2 - q + 1) 



h 


h 


exceptions 






1,2,3 

4,5 

6 

7 
8 


(U,V) G Zq + 1 X Z q + 1 

(U,V,1V) e 1*q + l X Z, + l X Zq+1 

{v,u) e z q+ i x z q 2_ 1 
u e % q 3 +1 


(« + l)| (u-v) 

(q + l)\ (u-v),(u- 

(q-l)\u 

(q 2 - q + 1) | u 


- w), (v - 


- w) 



Table (J11.21 1-B). Some S'yZp-decompositions of irreducible characters for C/(3, q). 



h 


V 


h 


V 


h 


V 


h 


V 


h 


V 


h 


V 


3 


(2,5) 


4 


(1,2) 


5 


(4,6) 


7 


(1,3) 


7 


(4,5) 


8 


(2,2,2,6) 



The above table describes 6 types of Sy/p-decompositions of irreducible charac- 
ters of 17(3, q). For instance, the last column tells us that we have %8 = Xi + X2 + 
X2 + X6 (mod U) . This means that the restriction to U of any character of the set 
Xs is the sum of the restrictions of four characters: any 3 characters X2,X2,X2 °f 
the set X2 (distinct or not) and an arbitrary character xe from ~Kq. 

Table (J11.21 1-C). Sy I p -va,mshmg characters of degree St(l) for 17(3, q). 



j 


V 


3 


V 


i 


V 


j 


V 


1 


(1,2,2,6) 


2 


(2,4,6) 


3 


(2,5) 


4 


(3) 



Note that the above table gives the Sy/p-vanishing character ipi = Xi + X2 + 
X2 + X6- This means that ipi is the sum of 4 characters: xi is anv character the 
set Xi, X2,X2 are an y characters (distinct or not) of X2, and xe is any character 
ofX 6 . 

Table (I11.2I 1-D). p- vanishing characters of degree St(l) and their values for 17(3, q) 
when 3 divides q + 1. 

In view of Lemma 15.51 we have the character ip = Ijj + Xi{ a ) + X2(2a) + 
X6(a, 2a, 3a), where a = (q + l)/3. This character differs from St only on the 
following classes: 

C h St V 



Ce(fe, l,m) 
C 8 (k) 



l + 4Re(w fc +'+ m ) 
l-2Re(u k ) 



- 2Re(ui k - 1 ) - 2Re{w k - m ) - 2Re{w l - m ) 
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Table (J11.24 -2.A). CHEVIE sets X/j, their degrees and parameters for SU(3, q) with 
the condition that 3 f (q + 1). 



/l 


degXh 


h 


degXh 


h 


dcgXh 


h 


degXh 


1 

5 


1 

g(g 2 -g + l) 


2 
6 


9(9-1) 

(g-l)(g 2 -g + l) 


3 

7 


9» 

(g + l)(g 2 -g+l) 


4 
8 


9^-9 + 1 

(g + l) 2 (g-l) 



h 


Ih 


exceptions 


1,2,3 


- 




4,5 
6 

7 
8 


n e Z q+ i 

(n,m) e Z 9+ i x Z 9 +i 

neZ q 2_ q+1 


(q + l)\n 

(q + 1) | (n - m) 

(9 -1)1" 

(g 2 - g + 1) | n 



Note that each set Xi, X2 and X3 consists of a single character. 



Table (|11.21 2-B). Some S'yZp-decompositions of irreducible characters for SU(3,q) 
with the condition that 3 \ (q + 1). 



h 


V 


h 


V 


h 


V 


h 


V 


h 


V 


h 


V 


3 


(2,5) 


4 


(1,2) 


5 


(4,6) 


7 


(1,3) 


7 


(4,5) 


8 


(2,2,2,6) 



Table (J11.2I 2-C). Sy/p-vanishing characters of degree St(l) for SU(3,q) with the 
condition that 3\ (q + 1). 



3 


V 


3 


V 


3 


V 


3 


V 


1 


(1,2,2,6) 


2 


(2,4,6) 


3 


(2,5) 


4 


(3) 



Table (J11.2I 3-A). CHEVIE sets X/j, their degrees and parameters for 577(3, g) with 
the condition that 3 | (q + 1). 

h AegXh h degXh h degXh 



1 
1 
7,8 

17 



1 

9 2 - 9 + 1 

\{q-l){q 2 -q + l) 
(9 + l) 2 (9-l) 



2 
5 
10 



9(9-1) 

q(q 2 -9 + 1) 

(q - l)(q 2 - q + 1) 



3 
6 
11.. 



,16 



(g + l)(g 2 -g + l) 
i(g + l) 2 (g-l) 



h 




Ih 


exceptions 




1,2,3,7,8,9,11,. 

4,5 

6 

10 

17 


.,16 


n e Zq+1 

n 6 2 g 2_ 1 

(n,m) e 1 q +i X Z g+ i 

n 6 V-9+1 


(g + 1) |n 
(g - 1) | n 
(9 + 1) 1 n,7n, (n - 


- m) 



Table (J11.2I 3-B). Some SyZp-decompositions of irreducible characters for SU(3,q) 
with the condition that 3 \ (q + 1). 



h 


V 


h 


V 


h 




V 




h 


V 


h 


V 


11 


(14) 


12 


(16) 


13 




(15) 




3 


(2,5) 


4 


(1,2) 


5 


(4, 10) 


6 


(1,3) 


6 




(4,5) 




14 


(2,7) 


15 


(2,9) 


16 


(2,8) 


10 


(7,8,9) 


17 


(2, 


2,2,7,8 


9) 











Note that the characters of the set Xn are .SyZp-equivalent to those of X14. 
Similarly for the pairs (Xi2,Xi6) and (Xi3,Xi5). 
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Table IJ11.21 3-C). Sy l p -vanishmg characters of degree St(l) for SU(3,q) with the 
condition that 3 | (q + 1). 



3 


V 


3 


V 


3 


V 


3 


V 


1 


(1,2,2,7,8,9) 


2 


(1,2,2,10) 


3 


(1,2,7,8,13) 


4 


(1,2,7,8,15) 


5 


(1,2,7,9,12) 


6 


(1,2,7,9,16) 


7 


(1,2,8,9,11) 


8 


(1,2,8,9,14) 


9 


(1,7,12,13) 


10 


(1,7,12,15) 


11 


(1,7,13,16) 


12 


(1,7,15,16) 


1.3 


(1,8,11,13) 


14 


(1,8,11,15) 


15 


(1,8,13,14) 


16 


(1,8,14,15) 


17 


(1,9,11,12) 


18 


(1,9,11,16) 


19 


(1,9,12,14) 


20 


(1,9,14,16) 


21 


(2,4,7,8,9) 


22 


(2,4,10) 


23 


(2,5) 


24 


(3) 


25 


(4,7,8,13) 


26 


(4,7,8,15) 


27 


(4,7,9,12) 


28 


(4,7,9,16) 


29 


(4,8,9,11) 


30 


(4, 8, 9, 14) 











Table Q11.2I 3-D). p- vanishing characters of degree St(l) and their values for SU(3, q) 
with the condition that 3 | (q + 1). 

In view of Lemma 15.71 we have the character tp = 1q 4- 2%2 + X~i + Xs + X9- This 
character differs from St only on the following classes: 



C h 



C a (a,b) 



St 



4> 



5 - 6Re(ui a - b ) 



Here (a, b) G I& = <Z<j+i x %q+i with the exceptions: (q + 1) | a, &, (a — &). 
11.3. Groups 2 B 2 (q 2 ). 
Table (|11.31 A). CHEVIE sets X^, their degrees and parameters for 2 B 2 (q 2 ). 



h 


degXh 


/i 


degXh 


1 
3 

5 

7 


1 

±V2q(q - l)(q + I) 

<? 4 + l 

(q-l)(q 2 + V2q + !)(<? + 1) 


2 
4 
6 


^V2g(g-l)(g + l) 

(q -l)(q 2 -V2q + l)(q + 1) 



h 


h 


exceptions 


1,2,3,4 

5 

6 

7 


S6V-1 


(9 2 - 1) I « 

(g 2 + V2q + 1) | fc 
(q 2 -V2q + l)\u 



Table (|11.3l -Bl . Some SyZp-decompositions of irreducible characters for 2 B2{q 2 )- 



h 


V 


h 


V 


h 


V 


5 


(1.4) 


4 


(1,2,3,6) 


7 


(2,2,3,3,6) 



Table (J11.3I -C). SyZp-vanishing characters of degree St(l) for 2 B 2 {q 2 ) 



3 


V 


3 


V 


1 


(1,2,3,6) 


2 


(4) 



Table (J11.3I -D). p- vanishing characters of degree St(l) and their values for 2 B 2 (q 2 ). 

In view of Lemma 15.81 we have the character ip = Iq + Xi + X3 + Xe(k). This 
character differs from St only on the following classes: 



c h 


St 


* 


C 6 (b) 


-1 


3-2Re(( i p' s ) bk )-2Re(( i p' s )^ bk ) 
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11.4. Groups 2 G 2 (g 2 ). 

Table (J11.41 A). CHEVIE sets X^, their degrees and parameters for 2 G2(q 2 )- 



h 


degXft 


h 


degXh 


1 


1 


2 


lV3q(q 2 - l)(q 2 + V3q + 1) 


3 


±V3q(q 2 -l)(q 2 -V3q + l) 


4 


5 


±V3q(q 2 -l)(q 2 -V3q + l) 
lVZq{q-l)(q 2 + l){q + l) 


6 


ly/3q(.q-l)(q 2 + l)(q + l) 


7 


8 


I 6 


9 


q 4 -q 2 + l 


10 


q 2 (q 4_ q 2 + 1) 


11 


(g 2 + l)( q 4- q 2 + l) 


12 


(q 2 -l)(g 2 + V3q+l)(q 2 + l) 


13 


(g 2_ 1)(q 4_ (? 2 + 1) 


14 


(q 2 -l)(q 2 -VZq+l){q 2 + l) 



h 




h 


exceptions 


1,.. 


,10 


- 




11 




fce V-i 


^1* 


12 




k e Z q 2 -V3q + 1 


(g 2 - VEq + 1) | fc 


13 




(k,l) ez g2+1 x z 2 


*^l* 


14 




k e V+V&f+l 


(g 2 - v^g + 1) | fc 



Table (J11.4I -B). Some decompositions of the restrictions of the irreducible charac- 
ters on the classes Ci, C2, C5 for 2 G2(q 2 )- 



h 


V 


h 


V 


h 


V 


h 


V 


2 
11 


(4) 
(1,8) 


3 

11 


(5) 
(9, 10) 


6 

8 


(7) 
(1,3,5,6,7,14) 


10 


(9, 13) 



Table (J11.41 C). SyZp-vanishing characters of degree St(l) for 2 G2(q 2 



3 


V 


3 


V 


1 


(1,3,5,6,7,14) 


2 


(8) 



Table (J11.41 D). p- vanishing characters of degree St(l) and their values for 2 G2(q 2 ) 



In view of Lemma l5.9l we have the character ij> = 1g + X3 + X5 + X6 + X7 + Xi4(^)- 
This character differs from St only on the following classes: 

C h St v 



Ci 4 (i) -1 5 - 2Re((<p'{ 2 y k ) - 2Re((<p'{ 2 )^ 3 i+ 1 '> ik ) - 2Re{{^'{ 2 )^' ic '+ 2 ) ik ) 

11.5. Groups GL(3,q) and SL(3,q). 

Table (J11.51 1-A). CHEVIE sets X/j, their degrees and parameters for GL(3,q). 



h 


deg Xh 


h 


degXft 


1 
3 

5 
7 


1 

g(g 2 +g + l) 
(g-l)(g 2 +g+l) 


2 

4 
6 
8 


g(g + l) 

g 2 + g + l 

(g + i)(g 2 +g + i) 

(g-l) 2 (g + l) 



h 


4 


exceptions 






1,2,3 

4,5 

6 

7 
8 


n e Z g _i 

(n,m) S Z 9 _i X Zg_i 

(n, m, Z) e Z q _i x Z g _i x Z 9 _i 

(m,n) e Zg_i x Z g 2_ 1 

n S Z 9 3_! 


(g - 1) | (n - m) 

(g — 1) | (n — m), (n - 

(g + 1) \n 

(g 2 + g + 1) | n 


-l),{m- 


-l) 



.-><) 
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Table IJ11.51 1-B). Some SyZp-dccompositions of irreducible characters for GL(3, q). 



ft 


V 


ft 


V 


ft 


V 


ft 


V 


ft 


V 


3 


(1.7) 


4 


(1,2) 


5 


(2,3) 


5 


(4,7) 


6 


(4,5) 



Table (J11.51 1-C). S yip-vanishing characters of degree St(l) for GL(3,q). 



j 


V 


3 


V 


1 


(1.7) 


2 


(3) 



Table (J11.5I 1-D). p- vanishing characters of degree St(l) and their values for GL(3, q). 

In view of Lemma 17.41 we have the character ip = l^y + ^7(5 — l,n), with n = 
(q — l)n' . This character differs from St only on the following classes: 



C h 



C 7 (a,b) 



St 



i> 



1 - 2ife(£j ,n ) 



Table Ql 1.51 2- A). CHEVIE sets X^, their degrees and parameters for SL(3,q) with 
the condition that 3 | (q — 1). 



ft 


degXh 


h 


degXh 


1 
3 
5 
9 
11,..., 16 


1 

9 3 

q(q 2 +q + l) 

(q + l)(q 2 + g + 1) 

l(q-lf(q + l) 


2 

4 

6,7,8 

10 

17 


9(9 + 1) 

q 2 + q + 1 

\{q + l){q 2 +q+l) 

{q-l){q 2 +q + l) 

{q-l?(q + l) 



h 




Ih 


exceptions 




1,2,3,6,7,8,11,. 

4,5 

9 

10 

17 


.,16 


n e Z 9 _i 

(«,»)e^i 

ne 2,2.! 
" 6 % q 2 +q+1 


(g - 1) | n 
(g — 1) | n,m, (n - 
(« + l)|n 
92 + 3 " +1 | n 


- m) 



Table (J11.5I 2-B). Some S'yZp-decompositions of irreducible characters for SL(3,q) 
with the condition that 3 | (q — 1). 



h 


V 


h 


V 


h 


V 


h 


V 


h 


V 


h 


V 


11 
5 


(14) 
(4, 10) 


12 
6 


(16) 
(2, 14) 


13 

7 


(15) 
(2, 16) 


3 

8 


(1,10) 
(2,15) 


4 
9 


(1,2) 
(4,5) 


5 

17 


(2,3) 
(14,15,16) 



Table (|11.5I 2-C). SyZp-vanishmg characters of degree St(l) for SL(3,q) with the 
condition that 3 | (q— 1). 



i 


V 


3 


V 


1 


(1,10) 


2 


(3) 



Table (J11.5I 3-A). CHEVIE sets X^, their degrees and parameters for SL(3,q) with 
the condition that 3 f (q — 1). 



h 


degXh 


ft 


degXh 


1 
3 
5 

7 


1 

9 3 

q(q 2 + q + l) 

(q - l)(q 2 + q + 1) 


2 

4 
6 

8 


9(9 + 1) 

9 2 + 9 + 1 

(9 + l)(9 2 +9 + l) 

(q-l) 2 (q + l) 



h 


h 


exceptions 


1,2,3 


- 




4,5 
6 
7 
8 


n £ Z q -i 
(n,m)&Z 2 q _ 1 
ne Z g 2_! 

n 6 Z g2+9+1 


(«-l)|n 

(q - 1) | (n - m) 

(9 + 1) \n 

{q 2 + q+l)\n 



Table (J11.5I 3-B). Some S'yZp-decompositions of irreducible characters for SL(3,q) 
with the condition that 3 j (q — 1). 



ft 


V 


ft 


V 


ft 


V 


ft 


V 


ft 


V 


3 


(1,7) 


4 


(1,2) 


5 


(2,3) 


5 


(4,7) 


6 


(4,5) 
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Table ()11.5I 3-C). Sylp-vaiiishing characters of degree St(l) for SL(3,q) with the 
condition that 3 { (q — 1). 



3 


V 


3 


V 


1 


(1,7) 


2 


(3) 



11.6. Groups 17(4, q). 

Table (TTTTfjJ-A). CHEVIE sets X/j, their degrees and parameters for U(A,q). 



h 


degXh 


/i 


degXh 


1 


g° 


2 


q*(q*-q + l) 


3 


q 2 (q 2 + l) 


4 


q{q 2 -q + l) 


5 


1 


6 


(q - l)(q 2 + l)q 3 


7 


g(g 2 + l)(g - l) 2 


8 


(q-l)( q 2 + l) 


9 


q 2 (q 2 + l)(q 2 -q + l) 


10 


q(q 2 - q + l)(q 2 + 1) 


11 


q(q 2 - q + l)(q 2 + 1) 


12 


(g 2 + l)(g 2 -g + l) 


13 


q 2 (q 2 -q + l){q + l) 2 


14 


(g 2 -g+l)(g + l) 2 


15 


q(q - l)(g 2 + l)(q 2 - q + 1) 


16 


(g-l)(g 2 + l)(g 2 -g + l) 


17 


q{q + l){q 2 -q+l)(q 2 + l) 


18 


(q + l)(q 2 -q + l)(q 2 +l) 


19 


(q 2 -q+l)(q 2 + l)(q-l) 2 


20 


(g-l)(g + l)(g 2 + l)(g 2 -g + l) 


21 


( q 2 + 1){q 2_ q+1){q+1) 2 


22 


(q 2 + l)(q-l) 2 (q+l) 2 


23 


(q - l)(q 2 - q + !)(</ + l) 3 







h 


h 


exceptions 


1....5 


fei e Z ?+ l 




6, ...,12 


(k!,k 2 ) 6 Z,+ l X Zq + 1 


(g + 1) | (fci-A&) 


13,14 


fei ez g 2_! 


(g - 1) | fei 


15,16 


(fci,fc 2 ,fc3) e Z g+ i x Zq+i x Zq+i 


(g + 1) | (fei - kj),i ^ j 


17,18 


(fci,fc 2 ) 6 Z q+ i x Z g2 _! 


(g 2 -l) | (g-l)fei -fc 2 
(g - l) 1 k 2 


19 


(fcl,fc2,fc3,fe4) e z* +1 


(g + 1) | (fei - kj),i ^ j 


20 


(ki,k 2 ,k 3 ) e Z,a_i x Z q+ i x Z 9+i 


(g - 1) | fei 

(g + 1) | (fe 2 - fe 3 ) 


21 


(fcl,fe 2 ) eZ g 2_! XZ,2_1 


(g - 1) | k t 

(q 2 - 1) | gfei + fc 2 

(q 2 - 1) | (fei - fc 2 ) 


22 


(fci,fc 2 ) 6 Z,3 + i x Z q+ i 


(g 2 - g + 1) | fei 


23 


ki e z q4 _ 1 


(g 3 + g - g 2 - 1), (g 2 + 1) | fei 



Table (J11.6I -B). Some SyZp-decompositions of irreducible characters for U(4, q). 



h 


V 


h 


V 


h 


V 


h 


V 


h 


V 


h 


V 


10 


(11) 


1 


(2,6) 


3 


(8,12) 


4 


(5,8) 


6 


(7, 15) 


9 


(3,6) 


9 


(11,15) 


9 


(12,20) 


11 


(2,4) 


11 


(3,7) 


11 


(12,16) 


13 


(14, 23) 


15 


(16, 19) 


16 


(7,8) 


17 


(9,11) 


17 


(18,20) 


18 


(11,12) 


20 


(6,8) 


20 


(15,16) 


21 


(13, 14) 


21 


(17, 18) 


22 


(7,7,7,19) 


14 


(5,5,8,8,12) 







Table (|11.61 -C). Sy/p-vanishing characters of degree St(l) for U(4, q). 



3 


V 


3 


V 


3 


V 


3 


V 


3 


V 


1 


(1) 


2 


(2,6) 


3 


(2,7,7,8,19) 


4 


(2,7,15) 


5 


(2,7,16,19) 



:.2 
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11.7. Groups [7(5, q). 

Table (JTTT7]-A). CHEVIE sets X/j, their degrees and parameters for [7(5, g). 



h 


degXh 


h 


dcgXh 


1 


q w 


2 


? «( g -l)(^ + l) 


5 


q 2 (q 4 -q 3 + q 2 -q + l) 


8 


? 6( 9 4_ g 3 +g 2_ ?+1) 


9 


q 3 (q 2 - q + l)(q 4 - q 3 + q 2 - q + 1) 


15 


g 2 (g-l)(q 2 + l)(9 4 -9 3 +</ 2 -y + l) 


16 


q(q - l)(q 2 + l)(q 4 - q 3 + q 2 - q + 1) 


19 


? 3 (9-l)(? 2 + l)(? 4 -g 3 + 9 2 -9 + l) 


20 


q{q 2 + l){q i -q 3 +q 2 -q + l){q~l) 2 


21 


( g _l)(g2 + 1 )( g 4_ g 3 +9 2_ g+1) 


31 


q(q - l)(q 2 - q + l)(g 4 - q 3 + q* - q + l)(q 2 + 1) 


32 


(« - l)(q 2 - q + l)(q 4 - q 3 + q 2 - q + l)(q 2 + 1) 


37 


(q 2 - q + \){q 4 - q 3 + q 2 - q + l)(q 2 + l)(q - l) 2 







h 


Ih 


exceptions 




1,2,5 


A:i G Z+i 






8,9,15,16 


(fei,fo)ez 2 +1 


(9 + 1) 1 fci 


-fca 


19,20,21 


(fei,A 2) fc3)ez| +1 


(9 + 1) [ fci - 


-kj,i^ j 


31,32 


(ki,k 2 ,k 3 ,k4) e Z 4 +1 


(9 + 1) [ fci - 


-kj,i^j 


37 


(fcl,fe2,fc3,fe4,feB) e ^ +1 


(9 + 1) | fci - 


- kj , i ^ j 



Table (|11.71 B). Some SyZp-decompositions of irreducible characters for U(5,q). 



h 


V 


h 


V 


h 


V 


h 


V 


h 


V 


h 


V 


26 


(27) 


1 


(2,8) 


3 


(11,16) 


4 


(6, 17) 


8 


(9, 19) 


9 


(5, 15) 


10 


(3,5) 


10 


(16,17) 


10 


(21,28) 


11 


(12,21) 


12 


(6,7) 


13 


(3,8) 


13 


(14,19) 


13 


(15,25) 


14 


(2,4) 


14 


(3,9) 


14 


(10, 15) 


14 


(16, 27) 


14 


(17,23) 


15 


(16, 20) 


17 


(5,11) 


17 


(18,21) 


18 


(5, 12) 


19 


(20,31) 


22 


(13, 14) 


22 


(23, 33) 


23 


(2,6) 


23 


(15,16) 


24 


(17,18) 


25 


(10, 19) 


25 


(27,31) 


25 


(28, 38) 


27 


(9,11) 


27 


(10,20) 


27 


(15,17) 


27 


(28, 32) 


28 


(16,18) 


29 


(30, 42) 


31 


(32, 37) 


32 


(20, 21) 


33 


(13,17) 


33 


(25, 27) 


33 


(34,38) 


34 


(14, 18) 


34 


(23, 24) 


34 


(27, 28) 


35 


(36, 40) 


38 


(19,21) 


38 


(31,32) 


39 


(22, 24) 


39 


(29, 30) 


39 


(33, 34) 


41 


(35,36) 


36 


(2,6,16,21) 


40 


(20,20,20,37) 























Table (J11.71 C). Syl p -vaxushmg characters of degree St(l) for [7(5, g). 



3 


V 


5 


V 


3 


V 


1 


(2,5,15,19) 


2 


(2,5,15,20,20,21,37) 


3 


(2,5,15,20,31) 


4 


(2,5,15,20,32,37) 


5 


(2,5,16,19,20) 


6 


(2,5,16,20,20,20,21,37) 


7 


(2,5,16,20,20,31) 


8 


(2,5,16,20,20,32,37) 


9 


(2,5,16,21,40) 


10 


(2,9,19) 


11 


(2,9,20,20,21,37) 


12 


(2,9,20,31) 


13 


(2,9,20,32,37) 


14 


(2,8) 


15 


(1) 



11.8. Groups Sp(4,q). 



Table Q11.8U -A). CHEVIE sets X^, their degrees and parameters for Sp(A,q) with 
q even. 



h 


degXh 


h 


dcgXh 


h 


degXh 


1 


1 


2 


i;q(q + iy 


3,4 


^q(q z + 1) 


5 


\q(q~lf 


6 


9 4 


7 


(g + l)(g 2 + l) 


8 


q(q + l)(q 2 + l) 


9 


(q-l)(q 2 + l) 


10 


9(g - l)(q 2 + 1) 


11 


(q + l)(q 2 + l) 


12 


q(q + l)(q 2 + l) 


13 


(q-l)(q 2 + l) 


14 


9(9 - l)(q 2 + 1) 


15 


(q+l) 2 (q 2 + l) 


16,17 


{q - l)(q + l){q 2 + I) 


18 


(q-l) 2 (q+l) 2 


19 


(q-l) 2 (q 2 + l) 







ON CHARACTERS OF CHEVALLEY GROUPS 



-,:>, 



h 


Ih 


exceptions 


1,...,6 


— 




7,8,11,12 


fceVi 


(g-l)|fc 


9,10,13,14 


k 6 Z q+1 


(9 + l)|* 


15 


(*,l)6^-l 


(g - 1) | k ± Z 


16 


feeV-i 


(g±l)|* 


17 


(k,f)£Z,-i xZ g+ i 


(,? - i) | Mg + 1) M 


18 


fe S %>q2 + l 


(g 2 + 1) | * 


19 


(*.0 6Zjfi 


(g + 1) | k ± I 



Table (|11.8I 1-B). Some SyZp-decompositions of irreducible characters for Sp(4,q) 
with q even. 



h 


V 


h 


V 


h 


V 


h 


V 


h 


V 


8 

15 
6 


(7, 17) 

(11,12) 

(1,9,13,19) 


10 
16 
6 


(9, 19) 

(13, 14) 

(3,5,9,19) 


12 
17 
6 


(11,16) 

(9, 10) 

(4,5,13,19) 


14 
7 


(13, 19) 
(1,2,3) 


15 
11 


(7,8) 
(1,2,4) 



Table (|11.81 1-C). SyZp-vanishing characters of degree St(l) for Sp(4,q) with q 



3 


V 


3 


V 


3 


V 


3 


V 


1 
5 


(1,9,13,19) 
(3,5,10) 


2 
6 


(1,9,14) 
(4,5,13,19) 


3 

7 


(1,10,13) 
(4, 5, 14) 


4 
8 


(3,5,9,19) 
(6) 



Table (J11.81 2-A). CHEVIE sets X. h and their degrees for Sp(4, q) with q odd. 

In this table, for reader's sake, we additionally provide the notation of [23] for 
the irreducible characters of G. 



h 


m 


de-gXh 


h 


EH 


degXh 


1 


XI 


g 4 - 2g 2 + 1 


2 


~X2 


g 4 -i 


3 


X3 


g 4 + 2g 3 + 2g 2 + 2g + 1 


4 


X4 


g 4 - 2g 3 + 2g 2 - 2g + 1 


5 


-X5 


g 4 -i 


6 


-Xe 


g 3 - g 2 + g - 1 


7 


XI 


g 4 - g 3 + g 2 - g 


8 


XS 


g 3 + g 2 + g + 1 


9 


X9 


g 4 + g 3 + g 2 + g 


10 


-ft 


g 3 - q 2 + q - 1 


11 


-ft 


g 4 - g 3 + g 2 - g 


12 


6 


g 3 + g 2 + g + 1 


13 


e 3 


g 4 + g 3 + g 2 + g 


14 


-6»i 


(<? 4 - l)/2 


15 


— €22 


(g 4 - l)/2 


16 


ftl 


(g 4 -2g 3 + 2g 2 -2g+l)/2 


17 


?22 


(g 4 - 2g 3 + 2g 2 - 2g + l)/2 


18 


€41 


(g 4 + 2g 3 + 2g 2 + 2g + l)/2 


19 


?42 


(g 4 + 2g 3 + 2g 2 + 2g + 1/2 


20 


-eii 


(<? 4 - l)/2 


21 


— £42 


(q 4 - l)/2 


22 


-0j 


(g 3 -g 2 +g-l)/2 


23 


-02 


(g 3 -g 2 +g-l)/2 


24 


-03 


(g 4 - g 3 + g 2 - g)/2 


25 


— 04 


(g 4 - g 3 + g 2 - g)/2 


26 


*5 


(g 3 +g 2 +g + l)/2 


27 


06 


(g 3 +g 2 +g + l)/2 


28 


07 


(g 4 + g 3 + g 2 + g)/2 


29 


08 


(g 4 + g 3 + g 2 + g)/2 


30 


09 


g 3 + g 


31 


01 


(g 4 + g 2 )/2 


32 


e 2 


(g 4 + g 2 )/2 


33 


83 


(g 2 + l)/2 


34 


e 4 


(g 2 + l)/2 


35 


-05 


(g 4 - g 2 )/2 


36 


-e 6 


(g 4 - g 2 )/2 


37 


-07 


(g 2 - l)/2 


38 


-08 


(g 2 - l)/2 


39 


09 


(g 3 + 2g 2 + g)/2 


40 


6>10 


(g 3 -2g 2 +q)/2 


41 


011 


(g 3 + g)/2 


42 


012 


(g 3 + g)/2 


43 


6*13 


g 4 


44 


So 


1 



o-l 



M.A. PELLEGRINI AND A.E. ZALESSKI 



Table (I11.8I 2-B). Some Sy/p-decompositions of irreducible characters for Sp(4,q) 
with q odd. 



h 


V 


h 


V 


h 


V 


h 


V 


h 


V 


h 


V 


2 


(6,7) 


3 


(8,9) 


3 


(12,13) 


3 


(18, 19) 


4 


(16, 17) 


5 


(10,11) 


5 


(14, 15) 


5 


(20,21) 


7 


(4,6) 


9 


(2,8) 


10 


(22, 23) 


11 


(4, 10) 


11 


(14, 16) 


11 


(15, 17) 


11 


(24, 25) 


12 


(26, 27) 


13 


(5,12) 


13 


(18,20) 


13 


(19,21) 


13 


(28, 29) 


14 


(10,17) 


14 


(23, 24) 


14 


(35, 38) 


15 


(10,16) 


15 


(22, 25) 


15 


(36, 37) 


18 


(12,21) 


18 


(26, 28) 


19 


(12,20) 


19 


(27, 29) 


20 


(22, 24) 


20 


(35, 37) 


21 


(23, 25) 


21 


(36, 38) 


22 


(37, 40) 


23 


(38, 40) 


24 


(17,22) 


25 


(16,23) 


26 


(34, 42) 


27 


(33, 42) 


28 


(15,26) 


28 


(21,27) 


28 


(25,30) 


28 


(31,41) 


28 


(36, 39) 


29 


(14, 27) 


29 


(20, 26) 


29 


(24, 30) 


29 


(32,41) 


29 


(35, 39) 


30 


(22,26) 


30 


(23, 27) 


30 


(39, 40) 


30 


(41,42) 


31 


(25, 42) 


32 


(24, 42) 


33 


(37, 44) 


34 


(38, 44) 


35 


(24, 40) 


36 


(25,40) 


39 


(26, 37) 


39 


(27, 38) 


41 


(22, 34) 


41 


(23, 33) 


43 


(31,35) 


43 


(32,36) 



(16,17,40,40,40,40) 
Table (J11.8I 2-C). Syl p - vanishing characters of degree St(l) for Sp(4, q) with q odd. 



3 


V 


3 


V 


3 


V 


1 


(4,6,10,44) 


2 


(4,6,22,23,44) 


3 


(4,6,22,34,40) 


4 


(4,6,22,38,40,44) 


5 


(4,6,23,33,40) 


6 


(4,6,23,37,40,44) 


7 


(4,6,33,38,40,40) 


8 


(4,6,34,37,40,40) 


9 


(4,6,37,38,40,40,44) 


10 


(4,6,40,41) 


11 


(4,10,40,42) 


12 


(4,22,23,40,42) 


13 


(4, 22, 38, 40, 40, 42) 


14 


(4,23,37,40,40,42) 


15 


(4,37,38,40,40,40,42) 


16 


(6,10,16,17,44) 


17 


(6,11,44) 


18 


(6,14,16,44) 


19 


(6,15,17,44) 


20 


(6,16,17,22,23,44) 


21 


(6,16,17,22,34,40) 


22 


(6,16,17,22,38,40,44) 


23 


(6,16,17,23,33,40) 


24 


(6,16,17,23,37,40,44) 


25 


(6,16,17,33,38,40,40) 


26 


(6,16,17,34,37,40,40) 


27 


(6,16,17,37,38,40,40,44) 


28 


(6,16,17,40,41) 


29 


(6, 16, 23, 24, 44) 


30 


(6,16,24,34,40) 


31 


(6,16,24,38,40,44) 


32 


(6,16,34,35) 


33 


(6,16,35,38,44) 


34 


(6,17,22,25,44) 


35 


(6,17,25,33,40) 


36 


(6,17,25,37,40,44) 


37 


(6, 17, 33, 36) 


38 


(6, 17, 36, 37, 44) 


39 


(6, 24, 25, 44) 


40 


(7,10,44) 


41 


(7,22,23,44) 


42 


(7,22,34,40) 


43 


(7,22,38,40,44) 


44 


(7,23,33,40) 


45 


(7, 23, 37, 40, 44) 


46 


(7,33,38,40,40) 


47 


(7,34,37,40,40) 


48 


(7, 37, 38, 40, 40, 44) 


49 


(7,40,41) 


50 


(10,16,17,40,42) 


51 


(11,40,42) 


52 


(14,16,40,42) 


53 


(15,17,40,42) 


54 


(16,17,22,23,40,42) 


55 


(16,17,22,38,40,40,42) 


56 


(16,17,23,37,40,40,42) 


57 


(16,17,37,38,40,40,40,42) 


58 


(16,23,24,40,42) 


59 


(16,23,32,40) 


60 


(16,23,35,42) 


61 


(16,24,38,40,40,42) 


62 


(16,32,38,40,40) 


63 


(16,35,38,40,42) 


64 


(17,22,25,40,42) 


65 


(17,22,31,40) 


66 


(17,22,36,42) 


67 


(17,25,37,40,40,42) 


68 


(17,31,37,40,40) 


69 


(17,36,37,40,42) 


70 


(24,25,40,42) 


71 


(24,31,40) 


72 


(24, 36, 42) 


73 


(25,32,40) 


74 


(25,35,42) 


75 


(31,35) 


76 


(32, 36) 


77 


(43) 







ON CHARACTERS OF CHEVALLEY GROUPS 
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Table (J11.8I 2-D). p- vanishing characters of degree St(l) and their values for Sp(4, q) 
with q odd and 7 | (q + 1). 

In view of Lemma 17791 we have the character ip = 1q + Xi( a i b) + Xq{ c ) + Xio(^)- 
This character differs from St only on the following classes: 



c, 


St 


</> 








B 2 (i) 


-1 


1-ftc 








B4i,j) 


1 


1 + fta/%6 + PibPja - 


PicPjc 


- p,.d - 


-fiid 


B6(i) 


-1 


1-ftd 








B 6 (i) 


-<? 


9(1 -fee) 








Ci(i) 


-1 


9(1 " ftd) 









Here, ft = 2Jte(g). 

Table (|11.81 3-A). CHEVIE sets X^ and their degrees for CSp(4,q) with g odd. 



Here, for the reader's sake, we also recall the notation of [23 for irreducible 
characters of H — C»Sp(4, q). 



h 


[23] 


degXh 


/i 


[23] 


dcgXh 


1 


Xi(\ !f i) 


( g + 1)^ + 1) 


2 


X 2 (A) 


9 4 "1 


3 


X 3 (A,v) 


9 4 -l 


4 


Xa{0) 


(9 2 - I) 2 


5 


X 5 (A,w) 


(g 2 + l)(g-l) 2 


6 


Xi(A) 


( 9 + l)(<3 2 + l) 


7 


X 2 (A) 


g(g + l)(g 2 + l) 


8 


X 3 (A) 


(<jr + l)(«? 2 + l) 


9 


X 4 (A) 


g(g + l)(g 2 + l) 


10 


X 8 (w) 


(9-l)(9 2 + l) 


11 


X fl (w) 


g(g-l)(g 2 + l) 


12 


X r (A) 


(9-l)(9 2 + l) 


13 


X 8 (A) 


g(g-l)(g 2 + l) 


14 


n 


9 2 + l 


15 


T2 


9(9 2 + 1) 


16 


1~3 


9 2 (9 2 + l) 


17 


r 4 (A') 


4 2 -l 


18 


ts(A') 


q 2 (q 2 - 1) 


19 


6>i 


q(q + l) 2 /2 


20 


9 2 


<?(<?- l) 2 /2 


21 


e 3 


q(q 2 + l)/2 


22 


6»4 


q(q 2 + l)/2 


23 


e 5 


q 4 


24 


flo(A) 


1 



Table (|11.8I 3-B). Some Sy^-decompositions of irreducible characters for CSp(A, q) 
with q odd. 



h 


V 


h 


V 


h 


V 


h 


V 


h 


V 


1 


(6,7) 


1 


(8,9) 


2 


(10,11) 


3 


(12,13) 


3 


(17,18) 


7 


(3,6) 


8 


(14, 15) 


9 


(2,8) 


9 


(15, 16) 


11 


(5, 10) 


13 


(5,12) 


15 


(10, 14) 


15 


(19,20) 


15 


(21,22) 


16 


(2, 14) 


16 


(11,15) 


18 


(4, 17) 


6 


(14,22,22) 


6 


(19,22,24) 


12 


(17,20,20) 


14 


(17,24,24) 


19 


(17,22,24) 


21 


(17,20,24) 











h 


V 


h 


V 


h 


V 


4 


(5,20,20,20,20) 


23 


(5, 10, 17, 20, 20, 24) 


23 


(5,17,20,20,20,22) 



Table 

odd. 



Q11.81 3-C). Sylp- vanishing characters of degree St(l) for CSp{A,q) with q 



j 


V 


3 


V 


5 


V 


5 


V 


1 

5 
9 


(5,10,12,24) 

(5, 17, 20, 20, 20, 22) 

(11,20,21) 


2 
6 
10 


(5, 10, 17, 20, 20, 24) 
(10,13,24) 
(13,20,22) 


3 

7 
11 


(5,10,20,21) 
(11,12,24) 

(23) 


4 
8 


(5,12,20,22) 
(11,17,20,20,24) 



.-,<) 
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11.9. Groups 3 D 4 {q). 

Table (J11.91 1-A). CHEVIE sets X^, their degrees and parameters for 3 Di{q) with 
q even. 



h 


degXh 


/l 


degXh 


1 


1 


2 


q(q4 _ q z + 1} 


3 


9 3 (<7 + l) 2 (9 4 -<7 2 + l)/2 


4 


g 3 (g + l) 2 (g 2 -<7+l) 2 /2 


5 


q 3 (q-l) 2 {q 2 +q + l) 2 /2 


6 


q3 (g _ 1) 2 (g 4_ (? 2 +1)/2 


7 


q 7( q 4 -f + l) 


8 


9 12 


9 


(g + l)(q 2 + q + l)(q 2 -q + l)(q 4 - q 2 + 1) 


10 


g 3 (g + l)(g 2 - q + l)(g 2 + q+l){q 4 -q 2 + 1) 


11 


(q + l)(q4-q 2 + l)(q 2 _q + l) 2 


12 


5(q 4 -g 2 + l)(g + l) 2 ( (? 2 -g + l) 2 


13 


q 3 (q + l)(q 4 -q 2 + l)(q 2 -q + l) 2 


14 


(q + l)(q 2 + q + l)(q 4 - q 2 + l)(g 2 - q + l) 2 


15 


<?(<? + l)(q 2 + q + 1)(<? 4 " q 2 + 1)(<? 2 - q + if 


16 


(q 2 + q + l)(q 4 - q 2 + l)(q + l) 2 (g 2 - q + l) 2 


17 


(q - l)(q 2 + q + l)(q 2 -q + l)(q 4 - q 2 + 1) 


18 


q z {q - l)(q 2 - q + l)(g 2 + q + l)(q 4 - q 2 + 1) 


19 


(q - l)(q + l)(g 2 + q + l)(g 2 - q + l) 2 (q 4 - q 2 + 1) 


20 


(q-l)(q 4 -q 2 + l)(q 2 +q + l) 2 


21 


Q (< ? 4 -g 2 + l)(< ? -l) 2 ( g 2 +9 + l) 2 


22 


qZ{q-l){q 4 -q 2 + l){q 2 +q + l) 2 


23 


( 9 - l)(g 2 - q + \){q 4 -q 2 + 1)(<? 2 + q + l) 2 


24 


q(q -l)(q 2 -q + l){q 4 - q 2 + l)(q 2 + q + l) 2 


25 


(q _ l)( g + l)( q 2 + g+ 1)3 (g2 _ q+ 1)((? 4 _ g 2 + 1} 


26 


(q-l) 2 (q + l) 2 (q 2 -q+l) 2 (q 4 -q 2 + l) 


27 


(8 - l) 2 (g + l) 2 (g 2 + q + l) 2 (g 4 - q 2 + 1) 


28 


(q - l) 2 (q + 1) 2 (<? 2 + q + l) 2 (g 2 - q + l) 2 


29 


(q 2 - q + 1)( 9 4 - <? 2 + l)(g - l) 2 (g 2 + q + l) 2 







h 


4 


exceptions 


1,...,8 


— 




9,10 


k e TL q -\ 


(g - 1) | k 


11,12,13 


ke (q 2 +9 + 1) 


(q 2 +q + l)\k 


14,15 


K £ /LiqZ j. 


(g-l)|* 


16 


(k,l) ez 9 3_i xz,_i 


many 


17,18 


fc 6 Z 9+ i 


(5 + l)|* 


19 


fc 6 Z (9+l)(g3-l) 


(g + l),(g 3 -l)|fc 


20,21,22 


k S V-9+i 


(g 2 - g + 1) | fc 


23,24 


fc S Z 9 3 + l 


(9 + 1)1* 


25 


fc 6 Z( g _ 1 )( 9 3_|_l) 


(q_l)( q 3 +1) | A . 


26 


(M)ez* 2 _ g+1 


many 


27 


many 


28 


fc 6 Z g 4_ q 2 +1 


(g 4 - q 2 + 1) | fc 


29 


(fc,/)ez g3+1 xz, + i 


many 



Table (J11.91 1-B). Some 5yZ p -decompositions of irreducible characters for ^D^q) 
with q even. 



h 


V 


h 


V 


h 


V 


h 


V 


h 


V 


10 


(9,25) 


13 


(11, 19) 


14 


(11,12) 


15 


(12,13) 


15 


(14, 19) 


16 


(9, 10) 


16 


(14, 15) 


18 


(17,29) 


19 


(17,18) 


22 


(21,24) 


23 


(20,21) 


24 


(23, 29) 


25 


(20, 22) 


25 


(23, 24) 


9 


(1,2,3,4) 


27 


(21,21,21,29) 


8 


(1,17,20,21,29) 


8 


(5,6,7,17,29) 











Table (J11.91 1-C). Sy^-vanishing characters of degree St(l) for 3 £>4(g) with q even. 



3 


V 


3 


V 


3 


V 


3 


V 


1 
5 
9 


(1,17,20,21,29) 

(1,18,23) 

(5,6,7,17,29) 


2 
6 
10 


(1,17,23,29) 
(2,5,6,20,21,29) 

(5,6,7,18) 


3 

7 
11 


(1,17,24) 
(2,5,6,23,29) 

(8) 


4 

8 


(1,18,20,21) 
(2,5,6,24) 



ON CHARACTERS OF CHEVALLEY GROUPS 



o7 



Table (flL9l 2-A). chevie sets X ft , 
g odd. 



their degrees and parameters for 3 Di(q) with 



h 


degXh 


h 


degXh 


1 


1 


2 


9(9 4 " q 2 + 1) 


3 


g 3 (g + l)2 (g 4_ g 2 + 1)/ 2 


4 


g3(g + l) 2 (g 2 -g+l) 2 /2 


5 


q 3 (q-l) 2 {q 2 +q + l) 2 /2 


6 


g 3 (g-l) 2 (g 4 -g 2 + l)/2 


7 


q 7 (q 4 - q 2 + 1) 


8 


I 12 


9 


(g 2 + g + l)(g 2 -g + l)(g 4 -g 2 + l) 


10 


q{q 2 + q + l)(g 2 - g + l)(g 4 - g 2 + 1) 


11 


g 3 (g 2 + q + l)(g 2 - q + l)(g 4 - q 2 + 1) 


12 


g 4 (g 2 +g + l)(g 2 -g + l)(g 4 -g 2 + l) 


13 


(q + l)(g 2 + q + l)(q 2 -q+ l)(g 4 - q 2 + 1) 


14 


g 3 (g + l)(g 2 - g + l)(g 2 + g + l)(g 4 - g 2 + 1) 


15 


(q + l)(g 4 -g 2 + l)(g 2 -g + l) 2 


16 


q{q i -q 2 + l){q + l?(q 2 -q + l) 2 


17 


g 3 (g + 1)(g 4_ g 2 +1)(? 2_ ?+1) 2 


18 


(q + l)(g 2 + g + l)(g 4 - g 2 + l)(g 2 - g + l) 2 


19 


?(<z + 1)(« 2 + g + i)(<? 4 - ? 2 + 1)(<? 2 - <? + 1) 2 


20 


(g 2 + g + l)(g 4 - g 2 + l)(g + l) 2 (g 2 - g + l) 2 


21 


(g - l)(g 2 + g + l)(q 2 - q + l)(g 4 - q 2 + 1) 


22 


g 3 (g - l)(g 2 - g + l)(g 2 + g + l)(g 4 - g 2 + 1) 


23 


( 9 - l)(g + l)(g 2 + q + l)(g 2 - q + l) 2 (g 4 - q 2 + 1) 


24 


(g-l)(g 4 -g 2 + l)(g 2 + g + l) 2 


25 


g ( g 4_ g 2 + 1)(g _ 1)2(g 2 + g+1) 2 


26 


g 3 (g-l)(g 4 -g 2 + l)(g 2 +g + l) 2 


27 


(g - l)(g 2 - q + l)(g 4 - q 2 + l)(q 2 + q + l) 2 


28 


g(g - l)(g 2 - g + l)(g 4 - g 2 + l)(g 2 + g + l) 2 


29 


(g - l)(g + l)(g 2 + g + l) 2 (g 2 - g + l)(g 4 - g 2 + 1) 


30 


(g-l) 2 (g + l) 2 (g 2 -g+l) 2 (g 4 -g 2 + l) 


31 


(g - l) 2 (g + l) 2 (g 2 + g + l) 2 (g 4 - g 2 + 1) 


32 


(g - l) 2 (g + l) 2 (g 2 + g + l) 2 (g 2 - g + l) 2 


33 


(g 2 - g + l)(g 4 - g 2 + l)(g - l) 2 (g 2 + g + l) 2 







h 


Ih 


exceptions 


1,...,12 


- 




13,14 


k e z g _i 


(g-l)/2|fc 


15,16,17 


k e V+9+i 


(g 2 + g + 1) | k 


18,19 


k e V-i 


(g-l),(g 3 -l)/2|fc 


20 


(fc,0 6Z,3_l XZ,_1 


many 


21,22 


k e z 9+ i 


(g + l)/2|fc 


23 


k e Z( a+ i)( g 3_i) 


(g + l),(g 3 -l),(g + l)(g 3 -l)/2|fc 


24, 25, 26 


k e V-9+i 


(g 2 - g + 1) | k 


27,28 


k e V+i 


(g + l),(g 3 + l)/2|fc 


29 


fc e z ( 9 -i)( 9 3 + i) 


(g-l),(g 3 + l),(g-l)(g 3 + l)/2|fc 


30 


(M)ez 2 ,, 

(k,l)£Z 2 2 ,. 


many 


31 


many 


32 


fe e z 9 4_ 9 2 +1 


(g 4 - g 2 + 1) | k 


33 


(fc,0 G Z g3+ i X Z,+i 


many 



Table (|TOl 2-B). 
with g odd. 



Some Sy^-decompositions of irreducible characters for ^D^q) 



h 


V 


h 


V 


h 


V 


h 


V 


10 


(9,21) 


11 


(9, 27) 


12 


(10,28) 


12 


(11,22) 


13 


(9, 10) 


14 


(11,12) 


14 


(13,29) 


17 


(15,23) 


18 


(9,11) 


18 


(15,16) 


19 


(10,12) 


19 


(16,17) 


19 


(18, 23) 


20 


(13,14) 


20 


(18,19) 


22 


(21,33) 


23 


(21,22) 


26 


(25,28) 


27 


(24, 25) 


28 


(27, 33) 


29 


(24, 26) 


29 


(27, 28) 


31 


(25,25,25,33) 


8 


(1,21,24,25,33) 


8 


(5,6,7,21,33) 


32 


(5,5,5,5,25,33) 











Table (I11.9I 2-C). Sy^-vanishing characters of degree St(l) for z Di(q) with q odd. 



3 


V 


i 


V 


i 


V 


3 


V 


1 
5 
9 


(1,21,24,25,33) 
(1,21,28) 
(2,5,6,28) 


2 
6 
10 


(5,6,7,21,33) 

(1,22,24,25) 

(5,6,7,22) 


3 

7 
11 


(2,5,6,24,25,33) 

(1,22,27) 
(8) 


4 
8 


(1,21,27,33) 
(2,5,6,27,33) 
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11.10. Groups G 2 (q). 

Table (J11.10I 1-A). chevie sets X h 
q even and q = 1 (mod 3). 



their degrees and parameters for G2{q) with 



h 


deg Xh 


h 


dcgXh 


1 


1 


2 


q(q + l) 2 (g 2 +g+l)/6 


3 


q(q + l) 2 (q 2 -q + l)/2 


4,5 


g(g 2 +g+l)(g 2 -g+l)/3 


6 


g(g-l) 2 (g 2 -g + l)/6 


7 


g(g-l) 2 (g 2 +g+l)/2 


8,9 


g(g-l) 2 (g+l) 2 /3 


10 


q 6 


11 


(q + l)(q 2 - q + 1) 


12 


g(g + l) 2 (g 2 -g+l) 


13 


g 3 (g + l)(g 2 -g + l) 


14,16 


(g 2 +g+l)(g + l)(g 2 -g + l) 


15,17 


q(q 2 + q + l)(q + l)(q 2 - q + 1) 


18,20 


(g 2 -g+l)(g-l)(g 2 +g + l) 


19,21 


g(g 2 -g + l)(g-l)(g 2 + g+l) 


22 


(g+l) 2 (g 2 +g+l)(g 2 -g+l) 


23 


( g _l)2 (g 2_ g + 1)(g 2 +g+1) 


24,25 


(q-l)(q + l)(q 2 +q + l)(q 2 -q + l) 


26 


(q- l) 2 (g + l) 2 ( 9 2 -g + l) 


27 


(g + l) 2 (g-l) 2 (g 2 +g + l) 



h 


Ih 


exceptions 






1,...,13 


- 








14,15 


k e z g _i 


(9-l)/3|* 






16,17 


k e z 9 _i 


(g - 1) | k 






18, ...,21 


k e Zg + 1 


(q + 1) | k 






22 


(k,i)ez 2 
(k,i)ez 2 +1 


(q-1) | k,l,(k±l),(2k- 


-!),(*- 


-20 


23 


(9 + 1) | k,l,(k±l),(2k- 


-0,(fc- 


- 20 


24,25 


k e z 9 2_! 


(q±l)\k 






26 


k e V+«+i 


(q 2 + q + l)/3 | fe 






27 


k e V-g+i 


(g 2 - g + 1) | fe 







Table (jll.lOl l-B) 
with g even and q 



Some S'yZp-decompositions of irreducible characters for Gi (q) 
z 1 (mod 3). 



h 


V 


h 


V 


h 


V 


h 


V 


h 


V 


8 

17 
24 


(9) 
(16,25) 
(18,19) 


13 
19 
25 


(11,24) 
(18,23) 
(20,21) 


14 
21 
12 


(11,12) 
(20, 23) 
(2,3,9) 


15 
22 
10 


(12, 13) 

(14, 15) 

(1,18,20,23) 


15 
22 
16 


(14, 24) 

(16,17) 

(1,2,3,5) 



Table (jll.lOU -C). Sy I p -va.nishmg characters of degree St(l) for G2{q) with q even 
and q = 1 (mod 3). 



i 


V 


3 


V 


5 


V 


3 


V 


i 

5 


(1,18,20,23) 
(4,6,7,19) 


2 
6 


(1,18,21) 
(5,6,7,20,23) 


3 

7 


(1,19,20) 
(5,6,7,21) 


4 

8 


(4,6,7,18,23) 
(10) 



Table (J11.10I 2-A). chevie sets X ft 
g even and q = — 1 (mod 3). 



their degrees and parameters for G2{q) with 



h 


degXh 


h 


deg Xh 


1 


1 


2 


q(q + l) 2 (q 2 +q+l)/6 


3 


g(g + l) 2 (g 2 -g + l)/2 


4,5 


g(g 2 +g + l)(g 2 -g+l)/3 


6 


g(g-l) 2 (g 2 -g + l)/6 


7 


g(g-l) 2 (g 2 +g+l)/2 


8,9 


g(g-l) 2 (g + l) 2 /3 


10 


9 6 


11 


(g-l)(g 2 +g+l) 


12 


g(g-l) 2 (g 2 +g+l) 


13 


g 3 (g-l)(g 2 +g + l) 


14,16 


(g 2 +g+l)(g + l)(g 2 -g + l) 


15,17 


g(g 2 +g + l)(g + l)(g 2 -g+l) 


18,20 


(g 2 -g+l)(g-l)(g 2 + g + l) 


19,21 


g(g 2 -g + l)(g-l)(g 2 + g+l) 


22 


(g + l) 2 (g 2 + g + l)(g 2 -g + l) 


23 


(g-l) 2 (g 2 -g+l)(g 2 +g + l) 


24,25 


(g-l)(g + l)(g 2 +g + l)(g 2 -g + l) 


26 


(g-l) 2 (g + l) 2 (g 2 -g + l) 


27 


(g + l) 2 (g-l) 2 (g 2 +g + l) 



ON CHARACTERS OF CHEVALLEY GROUPS 



of) 



h 




h 


exceptions 






1,..., 


13 


- 








14, . . . 


,17 


fc e z,_! 


(q - 1) | k 






18,19 




k 6 Z q+ i 


(q + 1) I fc 






20,21 




k £ Z q+ i 


(« + l)/3| fc 






22 




(fc,0ezj_! 


(g- 1) | k,l,(k±l),(2k- 


-0.(fc- 


-2/) 


23 




(M)gz3+i 


(g + 1) | k,l,(k±l),(2k- 


-Q,(fc- 


-2/) 


24,25 




fcsV-i 


(q±l)\k 






26 




fee V+8 + 1 


(q 2 +q + l)\k 






27 




V-9 + 1 


(q 2 -q + l)/3\k 







Table (fTl~T0l 2-B) 
with g even and g 



Some S'yZp-decompositions of irreducible characters for G2 (<z) 
= -1 (mod 3). 



ft 


V 


ft 


V 


h 


V 


h 


V 


h 


V 


8 

20 
25 


(9) 
(11,12) 
(11,13) 


13 
21 
25 


(12,21) 
(20, 23) 
(20, 21) 


15 
22 

4 


(14, 24) 
(14, 15) 
(1,9,11) 


17 
22 
12 


(16,25) 
(16, 17) 

(6,7,9) 


19 
24 
16 


(18, 23) 

(18, 19) 

(1,2,3,5) 



h 


V 


h 


V 


h 


V 


14 


(1,1,2,3,9,11) 


10 


(1,6,7,9,11,18,23) 


27 


(6,6,6,7,7,7,9,9,9,23) 



Table (|11.10I 2-C). SyZ p - vanishing characters of degree St(l) for G^q) with q even 
and q = — 1 (mod 3). 



J 


V 


3 


V 


5 


V 


1 


(1,6,7,8,11,18,23) 


2 


(1,6,7,8,11,19) 


3 


(1,6,7,9,11,18,23) 


4 


(1,6,7,9,11,19) 


5 


(1,11,12,18,23) 


6 


(1,11,12,19) 


7 


(1,18,20,23) 


8 


(1,18,21) 


9 


(1,19,20) 


10 


(4,6,7,18,23) 


11 


(4,6,7,19) 


12 


(5,6,6,7,7,8,11,23) 


13 


(5,6,6,7,7,9,11,23) 


14 


(5,6,7,11,12,23) 


15 


(5,6,7,20,23) 


16 


(5,6,7,21) 


17 


(10) 







Table (J11.10I 3-A). CHEVIE sets X&, their degrees and parameters for £2(9) with 
q odd and q = (mod 3). 



h 


degXh 


h 


dcg Xh 


1 


1 


2 


q(q + l) 2 (q 2 +q + l)/G 


3 


q(q + l) 2 (q 2 -q + l)/2 


4,5 


q(q 2 +q+l)(q 2 -q+l)/3 


6 


q(q-l) 2 (q 2 -q + l)/6 


7 


q(q-l) 2 (q 2 +q+l)/2 


8,9 


q(q-l) 2 (q + l) 2 /3 


10 


q* 


11 


(q 2 +q+ l)( q 2 - q + l) 


12,13 


q(q 2 + q + l)(q 2 - q + 1) 


14 


q 2 {q 2 + q + l)(q 2 -q + l) 


15,17 


(q 2 + q + l)(q + l)(q 2 - q + 1) 


16,18 


q(q 2 + q + l)(q + l)(q 2 - q + 1) 


19,21 


(q 2 - q + l)(q - l)(q 2 + q + 1) 


20,22 


q(q 2 - q + l)(q ~ l){q 2 + q + 1) 


23 


(q + i) 2 (q 2 + q + l)( q 2 -q+l) 


24 


(q-l) 2 (q 2 -q+l)(q 2 +q + l) 


25,26 


(q - l)(g + l)(q 2 + q + l)(q 2 - q + 1) 


27 


(,-l)3( ff +l)V-ff+l) 


28 


(q + l) 2 (q-l) 2 (q 2 +q + l) 



h 


Ih 


exceptions 






1, ... 14 


- 








15,..., 18 


k ez,_i 


(q-l)/2\k 






19, ...,22 


k 6 Z q+ i 


(q + l)/2\k 






23 


(jk,l) 6ZL 


(q- 1) | JM,(fc±0,(2k- 


-!),(*- 


-2«) 


24 


(fc,/)ez2 +1 


(g + 1) | fc,i,(Jfc±0,(2fc- 


-!),(*- 


-20 


25,26 


fe 6 Z 9 2_! 


(9±l)l* 






27 


fe e V+g+i 


(g 2 + q + 1) | k 






28 


fe e V-<?+i 


(q 2 -q + l)\k 
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Table (flTT0l 3-B) 
with q odd and q = 



Some SyZp-decompositions of irreducible characters for Gi (q) 
(mod 3). 



h 


V 


h 


V 


h 


V 


h 


V 


h 


V 


12 


(11,19) 


13 


(11,21) 


14 


(12,22) 


14 


(13, 20) 


15 


(11,13) 


16 


(12,14) 


16 


(15, 25) 


17 


(11,12) 


18 


(13,14) 


18 


(17,26) 


20 


(19, 24) 


22 


(21, 24) 


23 


(15,16) 


23 


(17,18) 


25 


(19,20) 


26 


(21,22) 


10 


(1,19,21,24) 















Table (|11. 101 3-0. Sy^-vanishing characters of degree St{l) for G2(q) with q odd 
and q = (mod 3). 



j 


V 


j 


V 


j 


V 


j 


V 


1 

5 


(1,19,21,24) 
(4,6,7,20) 


2 
6 


(1,19,22) 
(5,6,7,21,24) 


3 

7 


(1,20,21) 
(5,6,7,22) 


4 
8 


(4,6,7,19,24) 
(10) 



Table (J11.10I 4-A). chevie sets X h , 
q odd and q = 1 (mod 3). 



their degrees and parameters for G2{q) with 



h 


degXh 


h 


degXh 


1 


1 


2 


q(q + l) 2 (q 2 +q + l)/6 


3 


q{q + l) 2 {q 2 -q + l)/2 


4,5 


q(q 2 +q + l)(q 2 ~q + l)/3 


6 


q(q~l) 2 (q 2 -q + l)/6 


7 


q(q~l) 2 (q 2 +q + l)/2 


8,9 


q(q-l) 2 (q+l) 2 /3 


10 


Q 6 


11 


(g 2 +< ? + l)(g 2 -g+l) 


12,13 


q(q 2 + q + l)(q 2 - q + 1) 


14 


q 2 (q 2 + q + l){q 2 -q + l) 


15 


(q + l)(q 2 - q + 1) 


16 


q(q + l) 2 (q 2 -q + l) 


17 


q 3 (q + l)(q 2 -q + l) 


18,20 


(q 2 +q + l)(q + l)(q 2 -q+l) 


19,21 


q(q 2 + q + l)(q + l)(q 2 - q + 1) 


22,24 


(q2-q+l)(q-l)(q2 +q+ l) 


23,25 


q(q 2 - q + l)(q - l)(q 2 + q + 1) 


26 


(q + l) 2 (q 2 +q+l)(q 2 -q + l) 


27 


(q-l) 2 {q 2 ~q + l){q 2 +q + l) 


28,29 


(q - l)(q + l)(q 2 + q + l)(q 2 - q + 1) 


30 


(q-l) 2 (q+l) 2 (q 2 -q + l) 


31 


(q + l) 2 (q-l) 2 (q 2 +q + l) 







h 


Ih 


exceptions 






1,...,17 


- 








18,19 


k 6 TL q -\ 


( 9 - l)/3, (q - l)/2 | fc 






20,21 


k e Z 9 _i 


(«-l)/2|* 






22, ...,25 


k £ "Lq+l 


(<? + l)/2|fc 






26 


(*, 6 22-1 


(9-1) | k,l,(k±l),(2k- 


-!),(*- 


-20 


27 


(Mez?+i 


( 9 + l) | k,l,(k±l),(2k- 


-!),(*- 


-20 


28,29 


k e z 9 2_! 


(q±l)\k 






30 


fe e V+«+i 


(q 2 + q + l)/3\k 






31 


^V-,+1 


(q 2 -q + l)\k 







Table ([Ti~T0l 4-B). 
with g odd and q = 



Some 5yZp-decompositions of irreducible characters for Gi (q) 
1 (mod 3). 



h 


V 


h 


V 


h 


V 


h 


V 


h 


V 


8 


(9) 


12 


(11,22) 


13 


(11,24) 


14 


(12,25) 


14 


(13,23) 


17 


(15,28) 


18 


(11,13) 


18 


(15,16) 


19 


(12, 14) 


19 


(16,17) 


19 


(18,28) 


20 


(11,12) 


21 


(13,14) 


21 


(20, 29) 


23 


(22, 27) 


25 


(24, 27) 


26 


(18,19) 


26 


(20,21) 


28 


(22,23) 


29 


(24, 25) 


16 


(2,3,9) 


10 


(1,22,24,27) 















Table (|11.10I 4-C). SyOj-vanishing characters of degree St(l) for G2(q) with q 
odd and q = 1 (mod 3). 



j 


V 


3 


V 


3 


V 


j 


V 


1 

5 


(1, 22, 24, 27) 
(4,6,7,23) 


2 
6 


(1,22,25) 
(5,6,7,24,27) 


3 

7 


(1,23,24) 
(5,6,7,25) 


4 
8 


(4,6,7,22,27) 
(10) 



ON CHARACTERS OF CHEVALLEY GROUPS 



(il 



Table ()11.10I 5-A). CHEVIE sets X/,, their degrees and parameters for G2(q) with 
q odd and q = — 1 (mod 3). 



h 


dcgXh 


h 


degXh 


1 


1 


2 


q(q + l) 2 (q 2 +q + l)/6 


3 


q{q + l) 2 (q 2 -q + l)/2 


4,5 


q(q 2 + q + l)(q 2 -q + l)/3 


6 


q(q-l) 2 (q 2 -q+l)/6 


7 


q(q~l) 2 (q 2 +q + l)/2 


8,9 


q(q-l) 2 (q + l) 2 /3 


10 


9 6 


11 


(q 2 + q+l)(q 2 -q+l) 


12,13 


q(q 2 + q + l)(g 2 - q + 1) 


14 


q 2 {q 2 +q+1){q 2_ q + 1) 


15 


(q-l)(q 2 + q+l) 


16 


q{q-l) 2 (q 2 +q+l) 


17 


q 3 (q-l)(q 2 + q+l) 


18,20 


(q 2 +q + l)(q + l)(q 2 -q+l) 


19,21 


q(q 2 + q + l)(q + l)(q 2 - q + 1) 


22,24 


(q 2 - q + l)(q - l)(q 2 + q + 1) 


23,25 


q(q 2 - q + l)(q - l)(q 2 + q + 1) 


26 


(q + l) 2 (q 2 +q+l)(q 2 -q + l) 


27 


(q-l) 2 (q 2 -q + l)(q 2 +q + l) 


28,29 


(q-l)(q + l)(q 2 +q + l)(q 2 -q + l) 


30 


(q-l) 2 (q+l) 2 (q 2 -q + l) 


31 


(q + l) 2 (q-l) 2 (q 2 +q + l) 







h 




Ih 


exceptions 






1,..., 


17 


- 








18,... 


,21 


k ez q -i 


(«-l)/2|* 






22,23 




k e 7L q +\ 


(g + l)/2|fc 






24,25 




k e z q+ i 


(g + l)/2,(g + l)/3|fc 






26 




(fc.OezLi 


(g-1) | k,l,(k±l),(2k- 


-l),(k- 


- 21) 


27 




(fc,0ez?+i 


(9 + 1) | k,l,(k±l),(2k- 


-l),(k- 


- 21) 


28,29 




k 6 Z g2 _! 


(q±l)\k 






30 




fe e V+9+i 


(q 2 + q + l)\k 






31 




k S Z (J 2_ g _j. 1 


(q 2 -q + l)/3\k 







Table (I11.10I 5-B'). Some S'y/p-decompositions of irreducible characters for G2(q) 
with q odd and q = — 1 (mod 3). 



h 


V 


h 


V 


h 


V 


h 


V 


h 


V 


8 


(9) 


12 


(11,22) 


13 


(11,24) 


14 


(12,25) 


14 


(13, 23) 


17 


(16,25) 


18 


(11, 13) 


19 


(12,14) 


19 


(18, 28) 


20 


(11,12) 


21 


(13, 14) 


21 


(20, 29) 


23 


(22,27) 


24 


(15, 16) 


25 


(24, 27) 


26 


(18, 19) 


26 


(20,21) 


28 


(22, 23) 


29 


(15, 17) 


29 


(24, 25) 



h 


V 


h 


V 


h 


V 


h 


V 


4 


(1,9,15) 


16 


(6,7,9) 


10 


(1,6,7,9,15,22,27) 


31 


(6,6,6,7,7,7,9,9,9,27) 



Table (TTTTTUJ5-C). Sy^-vanishing characters of degree St(l) for G2(q) with q odd 
and q = — 1 (mod 3). 



j 


V 


3 


V 


3 


V 


3 


V 


1 

5 
9 

13 
17 


(5,6,6,7,7,9,15,27) 

(1,6,7,9,15,23) 

(1,22,25) 

(5,6,6,7,7,8,15,27) 

(10) 


2 
6 
10 

14 


(1,6,7,9,15,22,27) 
(1,15,16,22,27) 

(1,23,24) 
(5,6,7,15,16,27) 


3 

7 
11 
15 


(1,6,7,8,15,22,27) 
(1,15,16,23) 
(4,6,7,22,27) 
(5,6,7,24,27) 


4 
8 
12 
16 


(1,6,7,8,15,23) 

(1,22,24,27) 

(4,6,7,23) 

(5,6,7,25) 



G2 



M.A. PELLEGRINI AND A.E. ZALESSKI 



11.11. Groups 2 F 4 (q 2 ). 

Table (jll.lH -A). Some CHEVIE sets X&, their degrees and parameters for 2 F 4 {q 2 ) 



h 


degXh 


2,3 


2V2( g+ l)( g 4_ g 2 + 1)(g _ 1)(g2 + 1) 2 


4 


q 2 (q 4 -q 2 + l)(q 8 -q i + l) 


10 


^(g_l)2(g + l)2(g2+l)2(g8_ g 4 + 1) 


11,12 


^■(g 4 - g 2 + l)(g 4 - V2q A + q 2 - V2q + l)(q 2 + l) 2 (q + l) 2 (q - l) 2 


13,14 


2_( g 4 _ q 2 + l )(g 4 + ^3 + g 2 + ^ + 1)(g 2 + 1)2(g + 1)2(q _ 1)2 


17 


%■(« - i) 2 (s + i) 2 (<? 4 - </ 2 + i)(g 8 - q 4 + 1) 


19,20 


24^(9 + 1)(«7 4 - <? 2 + 1)(9 - 1)(9 2 + I) 2 


46 


9 

(8 + l)(q 4 -q 2 + l)(q 2 -V2q+ l)(fl - l)(q 8 - q 4 + l)(q 2 + l) 2 


47,48 


2^2 ( 9 4 - g 2 + l)(g 2 -V2q + l)(g 8 - g 4 + l)(g 2 + 1) 2 (<? + l) 2 (g - l) 2 


49 


q 4 (Q + 1)(9 4 - « 2 + 1)(9 2 -V2q + l)(q - l)(g 8 - g 4 + 1)( 9 2 + l) 2 


51 


(q 4 - q 2 + 1)( 9 8 _ g 4 + 1)((? 2 + 1)2((? + 1)2(g 2 _ ^ q + 1)2(g _ 1)2 



exceptions 



2, 3, 4, 10, 11, 12, 13, 14, 17, 19, 20, 21 

46,..., 49 

51 



fee 



JV^+l 



(q 2 + qV2 + l) | k 

q 2 + qV2 + l | M, (k±l),(l±q 2 k) 



(k,i)e(z q2+qV z +1 ) 2 
Table (|11.1U B). Some Sy^-decompositions of irreducible characters for 2 F 4 (q 2 ) 



h 


V 


h 


V 


h 


V 


h 


V 


15 


(16) 


23 


(2, 19) 


24 


(3, 20) 


27 


(26,34) 


28 


(22,25) 


28 


(26, 27) 


31 


(30, 33) 


32 


(29,30) 


33 


(32, 38) 


34 


(29,31) 


34 


(32, 33) 


35 


(42,45) 


36 


(46, 49) 


39 


(30,30,30,38) 


45 


(37, 42, 43, 44) 


49 


(46,47,48,51) 


22 


(1,4,5,6,7) 


25 


(5,6,7,18,21) 


26 


(1,5,6,7,18) 


37 


(47, 47, 48, 48, 51) 


50 


(37,43,43,44,44) 















Table (jll.lll -C). Sy^-vanishing characters of degree St(l) for 2 F 4 (q 2 



3 


V 


3 


V 


1 
3 
5 


(2, 4, 10, 11, 13, 17, 20, 46, 47, 47, 48, 51) 

(2,4,10,11,13,17,20,47,49) 

(21) 


2 
4 


(3, 4, 10, 12, 14, 17, 19, 46, 47, 48, 48, 51) 
(3,4,10,12,14,17,19,48,49) 



11.12. Groups GL(4,q). 

Table (|11.121 A). CHEVIE sets X^, their degrees and parameters for GL(A,q). 



h 


degXh 


h 


degXh 


1 


g« 


2 


q i {q I +q + l) 


3 


q 2 (g 2 + l) 


4 


q(q 2 + q+l) 


5 


1 


6 


(q + l)(q 2 + l)q 3 


7 


q(q 2 + l)(q + l) 2 


8 


(q 2 + l)(q+l) 


9 


q 2 (q 2 + l)(q 2 + q + l) 


10 


q(q 2 + l)(q 2 + q + 1) 


11 


q(q 2 + l)(q 2 + q + 1) 


12 


(q 2 + l)(q 2 + q + 1) 


13 


q 2 (q 2 +q + l)(q-l) 2 


14 


(q 2 + q+l)(q-l) 2 


15 


q(q + l)(q 2 +q+l)(q 2 + l) 


16 


(q + l)(q 2 + l)(q 2 + q + l) 


17 


q(q-l)(q 2 +q+l)(q 2 + l) 


18 


(q - l)(q 2 + q + l)(q 2 + I) 


19 


(q 2 + l)(q 2 + q + l)(q + l) 2 


20 


{q-l){q + l){q 2 +q + l)(q 2 + l) 


21 


(q 2 + l)(q 2 + q + l)(q-l) 2 


22 


{q 2 + l)(q-l) 2 {q+l) 2 


23 


(q + l)(q 2 + q + l)(q - l) 3 







ON CHARACTERS OF CHEVALLEY GROUPS 



(>:! 



h 


h 


exceptions 


1....5 


fci e z g _i 




6, ...,12 


(fci,fc 2 ) eVi xZ g _i 


(q-1) |(fci-fc 2 ) 


13,14 


*i «,i-i 


(9 + 1) |*i 


15,16 


(fa,fe,fe)6Z^, 


(q-1) \(ki-k d ),i^j 


17,18 


(fci,fe 2 )6 2,_i xZ g2 _i 


(q 2 - 1) | (q + l)fci - fc 2 
(9 + 1) |*2 


19 


(*i,*2,*3>*4) e z^_j 


(q-1) [(fci-fc 3 -WJ 


20 


(ki,k 2 ,k a ) e z g2 _ 1 xz q _i x z g _i 


(9 + 1) |*l 

(9 - 1) 1 (*2 - fcs) 


21 


(*1,* 2 ) eZ q 2_! XZ q 2_! 


(9 + 1) 1 *» 

(q 2 - 1) | gfci - k 2 

(q 2 - 1) | (fci - fca) 


22 


(fci,fc 2 ) e z q3 _! x Zq_i 


(g 2 + <? + l)| (9 + l)*l 


23 


*1 e ^ql.j 


(g 3 + g + g 2 + 1) | (g 2 + q + l)*i 
(9 2 + 1) 1 *l 



Table (J11.12I -B). Some Sy^-decompositions of irreducible characters for GL(A,q). 



h 


V 


h 


V 


h 


V 


h 


V 


h 


V 


10 


(11) 


6 


(1,2) 


6 


(8,20) 


7 


(3,11) 


8 


(4,5) 


9 


(3,6) 


9 


(11,17) 


9 


(12, 20) 


11 


(2,4) 


11 


(12,18) 


12 


(3,8) 


13 


(14,23) 


15 


(6,7) 


15 


(9,11) 


15 


(16,20) 


1(5 


(7,8) 


16 


(11,12) 


17 


(18,21) 


19 


(15,16) 


20 


(17,18) 


21 


(13, 14) 


2 


(3,5,18) 


2 


(4, 14, 18) 


1 


(5,14,18,23) 







Table (J11.121 C). Sy^-vanishing characters of degree St(l) for GL(4,q). 



3 


V 


3 


V 


3 


V 


1 


(5, 14, 18, 23) 


2 


(5, 13, 18) 


3 


(1) 



Table (111.121 -D). p- vanishing characters of degree St(l) and their values for GL(4, q) 
with 3 | (q + 1). 

In view of Lemma 19.11 we have the character ip = 1q + Xi4( a ) + Xis(0, a) + 
X23((? 2 — 1)&), This character differs from St only on the following classes: 

C h St V 



Cl 3 (u) 

Ci7(n, i 2 ) 

C20(U,*2,«3) 

C 2 i(ii,i2) 
C 23 (ii) 



9 

-9 

-1 

1 

-1 



3<? 2 + 2Re(C 1 ia ) - 2(q 2 + l)ite(£l ia ) 

q~2(q-l)Re(tf a )-2Re(tf a ) 

l-2Re{£l ia ) 

1 + 2(Re{£ 1+l2)a ) + Re(t[ n ~ l2)a ) - 



1 + 2(Re{i i ± a ) - Re(Q ") - 



Re{if lb )) 



■ Re(tf a ) - Re(tf a )) 



(i-1 



M.A. PELLEGRINI AND A.E. ZALESSKI 



11.13. Groups GL(5,q). 

Table (J11.13I -A). CHEVIE sets X/j, their degrees and parameters for GL(5,q). 



h 


degXh 


1 


, W 


2 


g 6 (<? + i)(<? 2 + i) 


3 


{q 4 + q 3 + q 2 + q + l)q 4 


4 


q 3 {q 2 +l)(q 2 +q+l) 


5 


q 2 (q 4 + q 3 + q 2 + q + 1) 


6 

7 
8 


q{q + l)(q 2 + l) 


q 6 (q 4 + q 3 + q 2 + q + l) 


9 


q 3 {q 2 + q + 1)(<J 4 + q 3 + q 2 + q + 1) 


10 


q 2 (q 2 + l)(q 4 + q 3 + q 2 + q + 1) 


11 


<j(g 2 + (j + l)(g 4 + q 3 + <? 2 + g + 1) 


12 


q 4 + q 3 + q 2 + q + l 


13 


q 4 {q 2 + l){q 4 + q 3 + q 2 + q+ 1) 


11 


q 3 (q 2 + l)(q 4 + q 3 + q 2 + q + 1) 


15 


1 2 {Q + 1)(9 2 + 1)(4 4 + 9 3 + Q 2 + q + 1) 


16 


q(q + l)(q 2 + l)(q 4 + q 3 + q 2 + q + l) 


17 


q(q 2 + l)(q 4 + q 3 + q 2 + q + 1) 


18 


{q 2 + l)(q 4 + q 3 + q 2 + q + l) 


19 


q 3 (q + 1)(<? 2 + 1)(9 4 +q 3 +q 2 + q+l) 


20 


q(q 2 + l)(q 4 + q 3 + q 2 + q + l)(g + l) 2 


21 


(g + l)(g 2 + l)( g 4 + 9 3 + g 2 + g + l) 


22 


9 3 (<? ~ 1)(9 2 + 1)(<? 4 + 9 3 + q 2 + q + 1) 


23 


q(q - 1)(? + 1)(9 2 + 1)(9 4 + 9 3 + 9 2 + 9 + 1) 


24 


(g-l)(g 2 + l)(q 4 + q 3 + g 2 + g + l) 


25 


q 2 {q 2 +q + l)(q 4 + q 3 + q 2 + q + l)(q 2 + 1) 


26 


q(q 2 + 1 + i)(? 4 + 9 3 + q 2 + 9 + 1)(<? 2 + 1) 


27 


q(q 2 + q + 1)(<? 4 + q 3 + q 2 + q + 1)(<? 2 + 1) 


28 


(q 2 + q + 1)(<? 4 + q 3 + q 2 + q + l){q 2 + 1) 


29 


q 2 (q 2 +q + l)(q 4 +q 3 + q 2 + q+ l)(q - l) 2 


30 


(q 2 + q + l)(q 4 + q 3 + q 2 + q + l)(g - l) 2 


31 


g(g + l)(g 2 + q + 1)(<? 4 + q 3 + q 2 + q + l)(g 2 + 1) 


32 


(g + l)(g 2 + q + \){q 4 + q 3 + q 2 + q + l)(q 2 + 1) 


33 


q(q - l)(q 2 + q + l)(q 4 + q 3 + q 2 + q + l)(g 2 + 1) 


34 


(q - l)(q 2 + q + l)(q 4 + q 3 + q 2 + q + l){q 2 + 1) 


35 


q{q + 1)(9 2 + 1)(<? 4 + q 3 + q 2 + q + l)(g - I) 2 


36 


(q + l)(q 2 + l)(q 4 + q 3 + q 2 + q + l)(g - I) 2 


37 


(q 2 + q + l)(q 4 + q 3 + q 2 + q + l){q 2 + l)(q + l) 2 


38 


(q - l)(q + l)(g 2 + q + l)(q 4 + q 3 + q 2 + q + l)(q 2 + 1) 


39 


(q 2 + q + l)(q 4 + q 3 + q 2 + q + 1)(<? 2 + l)(q - l) 2 


40 


(q 2 + l)(q 4 +q 3 +q 2 +q + l)(q - I) 2 (q + I) 2 


41 


(q + 1)( 9 2 + l)(q 4 + q 3 + q 2 + q + l)(g - l) 3 


42 


(g + l)(g 2 + q + 1)(<? 4 + q 3 + q 2 + q + l)(q - l) 3 


43 


(g 2 + i)(< ? 2 + <? + i)(g + i) 2 (<?-i) 4 



ON CHARACTERS OF CHEVALLEY GROUPS 



(if, 



h 




Ih 


exceptions 


1...," 


T 


k\ S Zq-l 




8, . . . , 


18 


(fcl,fc 2 ) 6Vl x Z 9-l 


(g _ 1) | ( fcl _ fe 2 ) 


19,20, 


21 


(*i,fc2,fc 3 )e^_i 


(g-1) |(fci-kj),i^j 


22,23, 


24 


(fci,fc 2 ) e z g _i x z 9 2_! 


(g 2 -l)| (g+l)fci~fc 2 
(9 + 1) 1 fa 


25, . . . 


,28 


(fci, fe 2 , fc 3 ) e z|_ x 


(g-1) |(fc<-fcj),t^i 


29,30 




(fci,fc 2 ) ez g2 _! x z g _i 


(g + i) I fci 


31,32 




(fcl,fc 2 ,fc 3 ,fc 4 ) 6 Z*_j 


(g-l) |(fci-fci),i^j 


33,34 




{ki,k 2 ,k z ) e Z,_i X Z 9 2„ 1 x Z g _! 


(g - 1) | (fcj - fa) 
(g 2 -l)| (g + l)fc 3 -fa 
(g 2 - 1) | (g + l)fci - gfc 2 
(g + 1) | k 2 


35,36 




(fci,fc 2 ) 6 Z g _! x Z g3 _! 


(g 3 -l)| (g 2 +g + l)fci-fa 
(g 2 + g+l)| (g + l)fc 2 


37 




(fcl,fc 2 , fc 3 , ki, ks) £ Z^_ x 


(g- 1) | ki - kj,i ^ j 


38 




(k 1 ,k 2 ,k z ,k 4 ,) e Z 9 2_! x Z|_ x 


(9 + 1) |fci 

(g-l) | fc» -kj,2< i < j < 4 


39 




(fcl,fe 2 ,fc 3 ) e Z g2 _ 1 X Z g _! X Z q 2_! 


(g + 1) |fci,fc 3 
(g 2 - 1) | gfci - fa 
(g 2 - 1) | fci - fc 3 


10 




(fci,A:2, fca) e Z g 3_! x Z q _i x 7L q -\ 


(q 2 + q + 1) 1 (q + l)fa 
(g — 1) | fc 2 - fc 3 


11 




(fc 1 ,fe 2 )GZ 9 3_ 1 XZ,,.! 


(g 2 + g+l)| (g + l)fci 
(q + 1) 1 fa 


12 




(fci, fa) e z q 4._ 1 x z 9 _i 


(g 3 + g 2 + g + 1) | (g 2 + g + l)fci 
(g 2 + 1) 1 A;i 


43 




fei e\5_j 


(g 5 - l)/(g - 1) | (g 4 - l)/(g - l)fc! 



Table (J11.13I -B). Some Sy^-decompositions of irreducible characters for GL(5,q). 



h 


V 


h 


V 


h 


V 


h 


V 


h 


V 


26 


(27) 


2 


(6, 23) 


8 


(1,2) 


9 


(3, 14) 


10 


(3,5) 


11 


(5, 17) 


12 


(6,7) 


13 


(3,8) 


13 


(14, 22) 


13 


(17,33) 


14 


(2,4) 


14 


(17,23) 


14 


(18,34) 


15 


(5,9) 


15 


(10, 14) 


15 


(16,23) 


16 


(3, 11) 


16 


(10, 17) 


17 


(4,6) 


17 


(18,24) 


18 


(5,12) 


19 


(8,9) 


19 


(13, 14) 


19 


(21,38) 


20 


(10,27) 


20 


(15,16) 


21 


(11,12) 


21 


(17, 18) 


22 


(24, 39) 


25 


(10, 19) 


25 


(13,15) 


25 


(27, 33) 


25 


(28,38) 


27 


(9,11) 


27 


(14, 16) 


27 


(15,17) 


27 


(28, 34) 


28 


(10,21) 


28 


(16, 18) 


29 


(30, 42) 


31 


(19,20) 


31 


(25, 27) 


31 


(32, 38) 


32 


(20, 21) 


32 


(27, 28) 


33 


(22,23) 


33 


(34, 39) 


34 


(23, 24) 


35 


(36,41) 


37 


(31,32) 


38 


(33, 34) 


39 


(29, 30) 


40 


(35, 36) 


3 


(5, 24, 30) 


4 


(5, 7, 24) 


1 


(7,24,30,42) 



















Table (111.131 -0. Syl p -v&mshing characters of degree St(l) for GL(5,q). 



j 


V 


j 


V 


j 


V 


3 


(7,24,30,42) 


2 


(7, 24, 29) 


1 


(1) 
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Table (J11.131 D). p- vanishing characters of degree St(l) and their values for GL(5, q) 
with 3 | (g + 1). 

In view of Lemma [9.21 we have the character ip = 1q + X24(0, a) + X3o(a,0) + 
X42((<Z 2 — 1)6, 0). This character differs from St only on the following classes: 



c h 


St 


4> 








C22(h,i2) 


-9 3 


g 3 -2q 3 iJe(SP) 








C29(*l,«2) 


9 2 


3q 2 -2q 2 Re(£ at i) 








C33(*l,«2,«3) 


-<l 


q-2qRe{C 1 12 ) 








C3s(h,i2,i3,h) 


-1 


l-2Re(g n ) 








C39(*l,»2,*3) 


1 


l-2(Re(tf ll ) + Re(tf 13 )- 


- Re(t[ n+la)a ) - 


-Reig 1 ' 


" l 3) a -i\ 


CiiCUjia) 


-1 


l-2Re(£l %2 ) 








C42{ii,h) 


-1 


1 + 2Re(tf n ) - 2Re(e 2 lb ) - 


- 2Re(t; q 2 lb ) 







11.14. Groups GL(Q,q). 

Table (J11.14I -A). Some CHEVIE sets X/j, their degrees and parameters for GL(6, q). 



h 


dcg Xh 


6 


q ^q- + l)( q --q+l)(q + iy 


7 


q 3 ( q 2 - q + l)(q 4 + (} 3 + q 2 + q + 1) 


9 


g2 {q 2_ q+1)(g 2 +g+1) 2 


10 
11 
39 


q ( q 4 + q 3 + q 2 + q + 1) 

1 

q 2 { q 2 + q + l)(q 4 + q 3 + q 2 +q + l){q 2 + l)(q - l) 3 


40 


(q 2 + q + l)(q 4 +q 3 + q 2 + q + l)(q - l) 3 


48 


q 2 ( q -l)(q 2 -q+ l)(q 2 + q + l)(j* + 9 3 + g 2 + g + 1)((? 2 + 1} 


49 


? (g - l)(q 2 - q + l)(q 4 +q 3 + q 2 + q+ l){q 2 + q + l) 2 


50 


(q -l)(q 2 ~q+ l)(q 2 + q + l)(q 4 + q 3 + q 2 + q + 1) 


68 


(q 2 -q + \){q A + q 3 + q 2 + q+ l)(q - l) 2 (q 2 + q + l) 2 


70 


(q 2 + l)(g* + q 3 + q* + q + l)(g + 1) 2 («? - l) 4 


78 


q( q 2 - q + 1)(</ 4 + q 3 + q 2 + q + l)( q 2 + l)(q- l) 2 (q + l) 3 


79 


(q 2 - q + l)(g 4 + q 3 + q 2 + q + l)(q 2 + l)(q - l) 2 (q + l) 2 


99 


(q + l)(q 2 -q+ l)(q A + q 3 + q 2 + q + l)(q 2 + q + l) 2 (q- l) 3 


107 


(q 2 +q + l)(q 2 - q + l)(g 4 + q 3 + q 2 + q + 1)(<? 2 + l)(q + 1) 2 (<? - l) 3 


110 


(q + \){q 2 -q+ l)(g 4 + q 3 + q 2 + q + l)(q 2 + q + l) 2 (q- l) 4 


111 


(q 2 - q + l)(q 2 + l)(q 2 +q + l) 2 (q + l) 3 (q - l) 4 


112 


(q 2 + q + l)(q 4 + q 3 + q 2 + q + l)(q 2 + l)(q + l) 2 (q - l) 5 



h 






Ih 


exceptions 


6,7,9, 


10 


11 


fci e z 9 _i 




39,40 






fel 6 z 9 2„ 1 


(9 + 1) 1 fci 


48,49, 


50 


68 


(fci, fa) eVi x V-i 


(<? 2 -l) | (g + l)fei-fe 2 
(q + 1) 1 fc2 


70 






fci e V-i 


(q 2 + 9 + l) | (g + l)fei 


78,79 






(fci,fa)6Z,_i xz q3 _! 


(q 3 -l)\(q 2 + q + l)fci - fc 2 
(q 2 + q + l)\(q + l)fe 2 


99 






(fel.fa) G Z,_i X Z g 4_i 


(g 4 - 1) | (q 3 + q 2 + q + l)fei - fc 2 
( 9 3 + g 2 + <?+l)| (<? 2 +<?+l)fc 2 
(<? 2 + 1) | *a 


107 






(fci, fa, fe3) e Z g3 _! X Z 9 2_! X Z 9 _i 


(g 2 + g + l) | (g + l)fei 
(q + 1) 1 fc2 


110 






(fci,fc 2 ) e z q4 _! x z g2 _ 1 


(g 3 + g 2 + 9 +l) | ( 9 2 + 9 +l)fci 
(g 4 - 1) | gfci - (q 2 + l)fca 
(9 + 1) | fc 2 , (g 2 + i) I fci 


111 






(fei.fe) e z g6 _i x z,-i 


( g 5 -l)/(g-l)|(g 4 -l)fci/( g -l) 


112 






fci e z q6 „i 


(9 6 -i)/(g-i)l(g 5 -i)fci/(9-i) 

(g 4 + q 2 + 1) | (g 2 + l)fci 
(q 3 + 1) | fci 
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Table ()11.141 B). Some 5yZ p -decompositions of irreducible characters for GL(6,q). 



h 


V 


h 


V 


h 


V 


h 


V 


h 


V 


30 


(32) 


31 


(35) 


34 


(36) 


58 


(59) 


58 


(61) 


59 


(61) 


60 


(62) 


60 


(63) 


62 


(63) 


81 


(82) 


85 


(86) 


12 


(1,2) 


13 


(3,20) 


13 


(17,75) 


15 


(6,35) 


17 


(9, 27) 


18 


(10,11) 


19 


(3,12) 


19 


(20, 46) 


20 


(2,5) 


21 


(4, 32) 


21 


(14, 20) 


21 


(22,47) 


22 


(3, 15) 


23 


(24, 48) 


25 


(9, 15) 


25 


(26, 49) 


26 


(7,36) 


26 


(16,27) 


27 


(8, 10) 


27 


(28, 50) 


28 


(9, 18) 


29 


(4, 19) 


29 


(35, 74) 


32 


(6, 13) 


32 


(36, 75) 


33 


(35, 43) 


35 


(5,8) 


35 


(37, 76) 


36 


(6, 17) 


37 


(7, 28) 


38 


(40, 110) 


41 


(12,13) 


41 


(19,20) 


42 


(14,52) 


42 


(21,22) 


43 


(14, 16) 


43 


(23, 24) 


44 


(16,55) 


44 


(25, 26) 


45 


(17,18) 


45 


(27, 28) 


51 


(14,41) 


51 


(19,21) 


51 


(29, 32) 


51 


(52, 74) 


51 


(55, 94) 


52 


(13,15) 


52 


(20, 22) 


52 


(32, 35) 


52 


(55, 75) 


52 


(56, 95) 


53 


(16,42) 


53 


(23,61) 


53 


(32, 33) 


53 


(43, 52) 


53 


(54, 75) 


54 


(14, 44) 


54 


(24, 63) 


54 


(33, 36) 


54 


(43, 55) 


55 


(15, 17) 


55 


(25, 27) 


55 


(35, 36) 


55 


(56, 76) 


56 


(16,45) 


56 


(26, 28) 


56 


(36,37) 


57 


(23,51) 


57 


(61,84) 


57 


(63, 94) 


61 


(21,25) 


61 


(24, 52) 


61 


(63, 86) 


61 


(64, 95) 


63 


(22,26) 


63 


(23, 55) 


63 


(64, 87) 


64 


(24, 56) 


65 


(66, 98) 


65 


(67, 90) 


66 


(68,91) 


67 


(68,99) 


69 


(70, 112) 


71 


(41,42) 


71 


(51,52) 


71 


(73, 103) 


72 


(43,82) 


72 


(53, 54) 


73 


(44, 45) 


73 


(55, 56) 


74 


(46, 47) 


74 


(76, 104) 


75 


(48, 86) 


76 


(49, 50) 


77 


(79, 107) 


80 


(43, 71) 


80 


(51,53) 


80 


(57,61) 


80 


(82, 94) 


80 


(83, 103) 


82 


(42, 44) 


82 


(52, 54) 


82 


(53, 55) 


82 


(61,63) 


82 


(83, 95) 


83 


(43, 73) 


83 


(54,56) 


83 


(63, 64) 


84 


(48, 74) 


84 


(86, 100) 


84 


(87, 104) 


86 


(47,49) 


86 


(87, 101) 


87 


(48, 76) 


88 


(65, 67) 


88 


(89, 109) 


89 


(66,68) 


90 


(38, 39) 


90 


(91,110) 


91 


(39, 40) 


92 


(71, 72) 


92 


(80,82) 


92 


(93, 103) 


93 


(72, 73) 


93 


(82, 83) 


94 


(74, 75) 


94 


(84, 86) 


94 


(95, 104) 


95 


(75, 76) 


95 


(86, 87) 


96 


(77, 78) 


96 


(97, 107) 


97 


(78, 79) 


98 


(99, 110) 


100 


(65, 66) 


100 


(101, 105) 


101 


(67,68) 


102 


(92, 93) 


103 


(94, 95) 


104 


(88, 89) 


104 


(100, 101) 


105 


(90,91) 


106 


(96, 97) 


108 


(69, 70) 


109 


(98, 99) 


4 


(7, 50, 68) 


5 


(7,10,49) 


8 


(9,11,50) 


14 


(3,4,6) 



h 


V 


h 


V 


h 


V 


16 
3 
1 


(6,7,9) 

(9,48,50,68) 

(11,40,50,68,99,110) 


24 
2 
46 


(4,6,9) 

(10,39,49,68,99) 

(39,40,50,68,68,99,110) 


24 

47 


(16,50,68) 
(48, 50, 68, 68, 99) 



Table (J11.141 C). Sy^-vanishing characters of degree St(l) for GL(6,q). 



j 


V 


j 


V 


j 


V 


1 

4 


(11,40,50,68,99,110) 
(11,40,50,68,98) 


2 
5 


(11,40,50,67,110) 
(11,38,50,67) 


3 
6 


(11,38,50,68,99) 

(1) 



11.15. Groups CSp(6,q). 



Table (I11.151 A). Some CHEVIE sets X^, their degrees and parameters for CSp(6, q) 
with q odd. 



h 


degxh 


k 


degXh 


1 


1 


4 


i,(,a_, + l)(, + l)a 


5 


±(q-l) 2 q(q 2 + q + l) 
i q 4 (q 2_ q + 1){q 2 + 1) 


7 


q 3 {q 2 -q + l)(q 2 +q + l) 


10 


11 


l(g-l)V( 9 2 +?+l) 

\(q~lfq(q 2 +q + l){q 2 -q + l) 


18 


(q-l)(q 2 +q + l) 


45 


50 


(q-l) 2 (q 2 + q + l)(q 2 + l) 


51 


(q-lfq{q 2 + l){q 2 +q + l) 


65 


(q-l)(q 2 ~q + l)(q 2 + l)(q 2 +q + l) 


71 


(q - l) 2 (q + l)(q 2 +q+ l)(q 2 - q + 1) 


97 


(g-l)2(g + l)3 (g 2 + 1)(g 2_ g + 1) 


98 


(q - 1) : V + 1 + 1)(<? 2 + i)(g 2 -9 + i) 
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h 


Ih 




exceptions 


1,4,5,7,10,11,18 


fci e z g _i 






45 


(fei,fc 2 ) ez,_i x z,_! 




(9 + 1) |fci 


50,51,65,71 


(fci.fej) eZq+i x z q _i 




(<P + <7+l)|fci 


97 


(fci,fc 2 ) ez 9 3_! x z q _i 




98 


(k 1 ,k 2 ,k 3 ,k 4 ) e Z'^ +1 x 


Z ? _l 


(9 + 1) | fci,fc 2 ,fc 3 

(q + 1) | (fei±%),l<i<i<3 



Table ([11.151 B). Some SyZp-decompositions of irreducible characters for CSp(6, q), 
q odd. 



h 


V 


h 


V 


h 


V 


h 


V 


h 


V 


h 


V 


24 


(26) 


27 


(29) 


54 


(55) 


62 


(63) 


9 


(4,42) 


14 


(23,41) 


14 


(31,35) 


16 


(37, 42) 


19 


(18,50) 


20 


(50, 61) 


21 


(39, 44) 


22 


(21,52) 


23 


(19, 35) 


25 


(23,61) 


26 


(23,65) 


28 


(23, 79) 


28 


(26, 66) 


28 


(37, 44) 


29 


(25,67) 


29 


(26,63) 


30 


(16,46) 


30 


(25, 80) 


30 


(28, 64) 


30 


(29, 68) 


31 


(19,41) 


32 


(31,71) 


33 


(31,89) 


33 


(39, 42) 


34 


(21,46) 


34 


(32, 90) 


34 


(33, 72) 


38 


(14,42) 


38 


(25, 43) 


39 


(5,11) 


40 


(16,34) 


40 


(21,30) 


42 


(32, 39) 


43 


(19,39) 


47 


(13, 14) 


48 


(15, 55) 


49 


(16, 17) 


49 


(47,93) 


52 


(51,86) 


53 


(15, 47) 


53 


(23, 25) 


55 


(14, 16) 


55 


(26, 29) 


55 


(36, 39) 


55 


(37, 38) 


55 


(53,83) 


56 


(15,49) 


56 


(28, 30) 


56 


(53,93) 


56 


(55, 84) 


57 


(23, 26) 


58 


(25, 29) 


58 


(57, 77) 


59 


(26, 28) 


59 


(57, 79) 


60 


(29, 30) 


63 


(61,85) 


64 


(20,52) 


64 


(61,95) 


64 


(63, 86) 


66 


(65, 87) 


67 


(65,85) 


68 


(66, 86) 


68 


(67, 88) 


69 


(31,32) 


70 


(33, 34) 


70 


(69, 96) 


72 


(71,99) 


73 


(47, 48) 


73 


(53,55) 


73 


(57, 58) 


74 


(48, 49) 


74 


(55, 56) 


74 


(59, 60) 


74 


(73, 93) 


75 


(57, 59) 


76 


(58, 60) 


76 


(75, 92) 


77 


(61,63) 


78 


(63, 64) 


78 


(77, 95) 


79 


(65, 66) 


80 


(67, 68) 


80 


(79, 95) 


81 


(31,33) 


82 


(32, 34) 


82 


(81, 94) 


83 


(65, 67) 


84 


(66, 68) 


84 


(83, 94) 


85 


(50,51) 


86 


(85,98) 


88 


(87, 98) 


90 


(89, 99) 


91 


(73, 74) 


91 


(75,76) 


92 


(69, 70) 


92 


(77, 78) 


92 


(81,82) 


93 


(79, 80) 


93 


(83, 84) 


94 


(71,72) 


94 


(87, 88) 


95 


(50, 52) 


95 


(85, 86) 


96 


(89, 90) 



















h 


V 


h 


V 


h 


V 


h 


V 


2 


(1,4,18) 


3 


(1,5,18) 


8 


(5, 7, 44) 


12 


(10,11,46) 


13 


(1,1,18) 


17 


(10,10,46) 


35 


(1,2,4) 


35 


(4,4,13) 


37 


(4, 7, 10) 


41 


(5,5,18) 


44 


(41,45,71) 


61 


(41,41,71) 


87 


(45,45,71) 


100 


(51,51,51,98) 


89 


(5,5,11,11,71) 


99 


(45,45,45,45,98) 


6 


(1,4,5,18,18,50) 















Table 

odd. 



(I11.151 C). SyZp-vanishing characters of degree St(l) for CSp(6, q) with q 



j 


V 


3 


V 


1 


(1, 5, 5, 18, 45, 45, 50, 51, 51, 65, 71, 98) 


2 


(1, 5, 5, 18, 45, 45, 51, 65, 71, 85, 98) 


3 


(1,5,5,18,45,45,51,65,71,86) 


4 


(1,5,5,18,45,45,51,67,71,98) 


5 


(1,5,5,18,45,45,52,65,71) 


6 


(1,5,5,18,50,51,51,65,87,98) 


7 


(1,5,5,18,50,51,51,65,88) 


8 


(1,5,5,18,50,51,51,66,98) 


9 


(1,5,5,18,51,65,85,87,98) 


10 


(1,5,5,18,51,65,85,88) 


11 


(1,5,5,18,51,65,86,87) 


12 


(1,5,5,18,51,66,85,98) 


13 


(1,5,5,18,51,66,86) 


14 


(1,5,5,18,51,67,87,98) 


15 


(1,5,5,18,51,67,88) 


16 


(1,5,5,18,51,68) 


17 


(1,5,5,18,52,65,87) 


18 


(1,5,5,18,52,66) 


19 


(1, 5, 5, 19, 45, 45, 51, 51, 65, 71, 98) 


20 


(1,5,5,19,51,51,65,87,98) 


21 


(1,5,5,19,51,51,65,88) 


22 


(1,5,5,19,51,51,66,98) 


23 


(1, 5, 11, 18, 45, 45, 45, 50, 51, 65, 71, 98) 


24 


(1, 5, 11, 18, 45, 45, 45, 65, 71, 85, 98) 


25 


(1, 5, 11, 18, 45, 45, 45, 65, 71, 86) 


26 


(1, 5, 11, 18, 45, 45, 45, 67, 71, 98) 


27 


(1, 5, 11, 18, 45, 50, 51, 65, 87, 98) 


28 


(1,5,11,18,45,50,51,65,88) 


29 


(1,5,11,18,45,50,51,66,98) 


30 


(1,5,11,18,45,65,85,87,98) 
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3 


V 


3 


V 


31 


(1,5,11,18,45,65,85,88) 


32 


(1,5,11,18,45,65,86,87) 


33 


(1,5,11,18,45,66,85,98) 


34 


(1,5,11,18,45,66,86) 


35 


(1,5,11,18,45,67,87,98) 


36 


(1,5,11,18,45,67,88) 


37 


(1,5,11,18,45,68) 


38 


(1, 5, 11, 19, 45, 45, 45, 51, 65, 71, 98) 


39 


(1,5,11,19,45,51,65,87,98) 


40 


(1,5,11,19,45,51,65,88) 


41 


(1,5,11,19,45,51,66,98) 


42 


(1,11,11, 18, 45, 45, 45, 45, 50, 65, 71, 98) 


43 


(1, 11, 11, 18, 45, 45, 50, 65, 87, 98) 


44 


(1,11,11,18,45,45,50,65,88) 


45 


(1,11,11,18,45,45,50,66,98) 


46 


(1,11,11,18,50,65,71,99) 


47 


(1,11,11,18,50,65,72) 


48 


(1, 11, 11, 19, 45, 45, 45, 45, 65, 71, 98) 


49 


(1,11,11,19,45,45,65,87,98) 


50 


(1,11,11,19,45,45,65,88) 


51 


(1,11,11,19,45,45,66,98) 


52 


(1,11,11,19,65,71,99) 


53 


(1,11,11,19,65,72) 


54 


(1, 18, 39, 45, 45, 45, 50, 51, 65, 71, 98) 


55 


(1, 18, 39, 45, 45, 45, 65, 71, 85, 98) 


56 


(1,18,39,45,45,45,65,71,86) 


57 


(1,18,39,45,45,45,67,71,98) 


58 


(1,18,39,45,50,51,65,87,98) 


59 


(1,18,39,45,50,51,65,88) 


60 


(1,18,39,45,50,51,66,98) 


61 


(1,18,39,45,65,85,87,98) 


62 


(1,18,39,45,65,85,88) 


63 


(1,18,39,45,65,86,87) 


64 


(1,18,39,45,66,85,98) 


65 


(1,18,39,45,66,86) 


66 


(1,18,39,45,67,87,98) 


67 


(1,18,39,45,67,88) 


68 


(1,18,39,45,68) 


69 


(1, 19, 39, 45, 45, 45, 51, 65, 71, 98) 


70 


(1,19,39,45,51,65,87,98) 


71 


(1,19,39,45,51,65,88) 


72 


(1,19,39,45,51,66,98) 


73 


(1, 41, 45, 45, 50, 51, 51, 65, 71, 98) 


74 


(1,41,45,45,51,65,71,85,98) 


75 


(1,41,45,45,51,65,71,86) 


76 


(1,41,45,45,51,67,71,98) 


77 


(1,41,45,45,52,65,71) 


78 


(1,41,50,51,51,65,87,98) 


79 


(1,41,50,51,51,65,88) 


80 


(1,41,50,51,51,66,98) 


81 


(1,41,51,65,85,87,98) 


82 


(1,41,51,65,85,88) 


83 


(1,41,51,65,86,87) 


84 


(1,41,51,66,85,98) 


85 


(1,41,51,66,86) 


86 


(1,41,51,67,87,98) 


87 


(1,41,51,67,88) 


88 


(1,41,51,68) 


89 


(1,41,52,65,87) 


90 


(1,41,52,66) 


91 


(1,43,45,45,45,51,65,71,98) 


92 


(1,43,45,51,65,87,98) 


93 


(1,43,45,51,65,88) 


94 


(1,43,45,51,66,98) 


95 


(1,44,45,50,51,51,65,98) 


96 


(1,44,45,51,65,85,98) 


97 


(1,44,45,51,65,86) 


98 


(1,44,45,51,67,98) 


99 


(1,44,45,52,65) 


100 


(3, 5, 45, 45, 50, 51, 51, 65, 71, 98) 


101 


(3,5,45,45,51,65,71,85,98) 


102 


(3,5,45,45,51,65,71,86) 


103 


(3,5,45,45,51,67,71,98) 


104 


(3,5,45,45,52,65,71) 


105 


(3,5,50,51,51,65,87,98) 


106 


(3,5,50,51,51,65,88) 


107 


(3,5,50,51,51,66,98) 


108 


(3,5,51,65,85,87,98) 


109 


(3,5,51,65,85,88) 


110 


(3,5,51,65,86,87) 


111 


(3,5,51,66,85,98) 


112 


(3,5,51,66,86) 


113 


(3,5,51,67,87,98) 


114 


(3,5,51,67,88) 


115 


(3,5,51,68) 


116 


(3,5,52,65,87) 


117 


(3,5,52,66) 


118 


(3, 11, 45, 45, 45, 50, 51, 65, 71, 98) 


119 


(3,11,45,45,45,65,71,85,98) 


120 


(3,11,45,45,45,65,71,86) 


121 


(3,11,45,45,45,67,71,98) 


122 


(3,11,45,50,51,65,87,98) 


123 


(3,11,45,50,51,65,88) 


124 


(3,11,45,50,51,66,98) 


125 


(3,11,45,65,85,87,98) 


126 


(3,11,45,65,85,88) 


127 


(3,11,45,65,86,87) 


128 


(3,11,45,66,85,98) 


129 


(3,11,45,66,86) 


130 


(3,11,45,67,87,98) 


131 


(3,11,45,67,88) 


132 


(3,11,45,68) 


133 


(5, 5, 5, 10, 18, 45, 50, 51, 51, 71, 98) 


134 


(5,5,5,10,18,45,51,71,85,98) 


135 


(5,5,5,10,18,45,51,71,86) 


136 


(5,5,5,10,18,45,52,71) 


137 


(5,5,5,10,19,45,51,51,71,98) 


138 


(5, 5, 10, 11, 18, 45, 45, 50, 51, 71, 98) 


139 


(5, 5, 10, 11, 18, 45, 45, 71, 85, 98) 


140 


(5,5,10,11,18,45,45,71,86) 


141 


(5,5,10,11,18,50,51,87,98) 


142 


(5,5,10,11,18,50,51,88) 


143 


(5,5,10,11,18,85,87,98) 


144 


(5,5,10,11,18,85,88) 


145 


(5,5,10,11,18,86,87) 


146 


(5,5,10,11,19,45,45,51,71,98) 


147 


(5,5,10,11,19,51,87,98) 


148 


(5,5,10,11,19,51,88) 


149 


(5, 10, 11,11, 18, 45, 45, 45, 50, 71, 98) 


150 


(5,10,11,11,18,45,50,87,98) 



70 



M.A. PELLEGRINI AND A.E. ZALESSKI 



3 


V 


J 


V 


151 


(5,10,11,11,18,45,50,88) 


152 


(5, 10, 11, 11, 19, 45, 45, 45, 71, 98) 


153 


(5,10,11,11,19,45,87,98) 


154 


(5,10,11,11,19,45,88) 


155 


(5, 10, 18, 39, 45, 45, 50, 51, 71, 98) 


156 


(5,10,18,39,45,45,71,85,98) 


157 


(5,10,18,39,45,45,71,86) 


158 


(5,10,18,39,50,51,87,98) 


159 


(5,10,18,39,50,51,88) 


160 


(5, 10, 18, 39, 85, 87, 98) 


161 


(5,10,18,39,85,88) 


162 


(5,10,18,39,86,87) 


163 


(5,10,19,39,45,45,51,71,98) 


164 


(5,10,19,39,51,87,98) 


165 


(5,10,19,39,51,88) 


166 


(5,10,41,45,50,51,51,71,98) 


167 


(5,10,41,45,51,71,85,98) 


168 


(5,10,41,45,51,71,86) 


169 


(5,10,41,45,52,71) 


170 


(5,10,43,45,45,51,71,98) 


171 


(5,10,43,51,87,98) 


172 


(5,10,43,51,88) 


173 


(5,10,44,50,51,51,98) 


174 


(5,10,44,51,85,98) 


175 


(5,10,44,51,86) 


176 


(5,10,44,52) 


177 


(10, 11, 18, 39, 45, 45, 45, 50, 71, 98) 


178 


(10,11,18,39,45,50,87,98) 


179 


(10,11,18,39,45,50,88) 


180 


(10, 11, 19, 39, 45, 45, 45, 71, 98) 


181 


(10,11,19,39,45,87,98) 


182 


(10,11,19,39,45,88) 


183 


(10, 11, 41, 45, 45, 50, 51, 71, 98) 


184 


(10,11,41,45,45,71,85,98) 


185 


(10,11,41,45,45,71,86) 


186 


(10,11,41,50,51,87,98) 


187 


(10,11,41,50,51,88) 


188 


(10,11,41,85,87,98) 


189 


(10,11,41,85,88) 


190 


(10,11,41,86,87) 


191 


(10,11,43,45,45,45,71,98) 


192 


(10,11,43,45,87,98) 


193 


(10,11,43,45,88) 


194 


(10,11,44,45,50,51,98) 


195 


(10,11,44,45,85,98) 


196 


(10,11,44,45,86) 
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